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TO THE STUDENT

Little League Coach: You kids are not showing enough effort. I expect each of you to give me 150%.

Player: I hate to say it, coach, but my math teacher told me you can’t have more than 100%.

Little League Coach: OK smarty pants, how would you like to sit on the bench 100% of the next game?

Player: Fine with me . . . as long as you play me the other 50% of the game!

You are about to enter the exciting world of
mathematics exploration and discovery. We are
confident that you will enjoy this adventure—
and find it quite worthwhile. The author, a
former middle-school math teacher, has devoted
his entire 35-year professional career to creating
ways to reach students through engaging, real-
world mathematics activities.

Each activity in this book calls on you “to put on
a detective hat” to do various types of investigative
work. You will search for patterns to break codes,
discover formulas, conduct math investigations,
solve math mysteries, uncover and correct errors
and blunders from the media, analyze why math
tricks work, use clues to solve problems, and
more. While these activities are designed to arouse
your curiosity in a fun way, they will also improve
your analytical skills—the kinds you need for
success in school and later in the world of work.

To capture the spirit of motivation, humor

is used throughout the book in the titles

of activities and in many of the activities
themselves. The Teacher’s Edition includes
humor on a regular basis. Ask your teacher to
share some of that with you. The final chapter
presents topics that are recreational in nature to
further enhance your mathematical enjoyment.

There is another important goal of this book.

In order to be successful in mathematics, you
need to be actively engaged—and give 100%
effort. This is as true for learning math as it is for
singing, dancing, playing a musical instrument,
or pitching a baseball. Simply put, you cannot
become good at math by watching your teacher
or other students do it. So, we hope this book
will spark your desire to be an active participant
in the discovery and exploration of mathematical
ideas.

Your voyage is about to begin. Your “carry-on
luggage” should include paper, pencil, and a

calculator. We wish you much success.
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Name Date

THE DATE DETECTIVE

Take a moment to think about today’s date. In this activity lesson, as a “Date Detective,”
Is there anything mathematically special you will apply number theory concepts
about it? For example, if today’s date were to explore and uncover mathematical
3/5/08, you could say that this is “sum relationships on the calendar. Unless
date”—because the sum of the month and otherwise specified, use only the last two
day numbers is equal to the year number. digits for the years. Also, unless specified, do
If today’s date were 12/4/08, we could say not use leading zeros in front of single-digit

that “today makes a difference”—because the months/days. OK, let’s start. There are dates
ifference between the month and the da waiting to be discovered.

d. b h h and the day gtobed d

numbers is equal to the year number.

Did you know thaf
each year there is an
even number of

odd-number dates?

IE | am a bit
wreves +oday it's
because Toclay is

an oa's-rember
date .
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QUESTIONS

1. Which dates (month/day) are multiple dates? Multiple dates are dates where the month
number is a multiple of the day number. For example, 9/3 is a multiple date because 9 is a
multiple of 3. Another multiple date is 7/1.

2. A factor date is one in which the month number is a factor of the day number. For
example, 9/18 is a factor date because 9 is a factor of 18. Another factor date is 1/7.
In fact, all dates in January are factor dates because 1 is a factor of all numbers.
Which dates (month/day) during May, June, July, and August are factor dates?

3. A prime number is a whole number greater than 1 that has only itself and 1 as factors. The
first five prime numbers are 2, 3, 5,7, and 11.

Which dates (month/day) are prime dates? An example of a prime date is 2/3 because both
the month and day numbers are prime numbers.

4. 'There are five square-me dates. One of them is 5/25, because the square of the month
number is the day number. Name the other four square-me dates.

5. Pi(n) is the ratio of the circumference to the diameter of any circle.
As a decimal, it never ends. © = 3.141592653 . . .

a.  Which date each year (month/day) is pi day?

b. Which date and time (month/day/year/time) is p7 time?

c. Which date (month/day/4-digit year) was the ultimate pi date?

6. When was the last date (month/day/year) in which all digits were the same?

THE DATE DETECTIVE




7. 'Two numbers are reciprocals if their product is 1. The fractions (dates) 3/7 and 7/3 are

reciprocals. Note that pairs of fractions (dates) such as 2/4 and 12/6 are also reciprocals
(because % x % =1).

List ten of the pairs of reciprocal dates that occur during the month of March.

8. A number that reads the same both forward and backward is a palindrome.

For this problem, use leading zeros in single-digit months/days. Also, use all four digits for
the year:

a. When was the first palindromic date (month/day/year) during the
twenty-first century? (The twenty-first century began on 01/01/2001.)

b. When was the last palindromic date previous to that one?
(Hint: It occurred during the fourteenth century.)

9. Review the cartoon at the beginning of this activity lesson. Then verify that there is indeed
an even number of odd-number dates each year. (A date such as 9/23 is an odd-number
date because both 9 and 23 are odd numbers.)

10. A perfect number is a whole number 7 for which the sum of all its factors, excluding #, is
equal to 7. An example of a perfect number is 6. Its factors, less than 6, are 1, 2, and 3.
Since 1 + 2 + 3 = 6, the number 6 is perfect.

Which two dates (month/day) are the only totally perfecr dates?

11. Make up your own types of mathematically special dates.

THE DATE DETECTIVE
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Name Date

EDITOR FOR A DAY ERROR SEARCH

This page of math problems contains many
errors. Pretend you are a math editor. You're
job is to find and correct the errors. In
edition to math errors, there are errors in
spelling, grammer punctuation and style.
Have you already found some errors?

The answers to the problems are given in

bold type. Good luck in your error search.

11 1 1.3 3 3.1 4 8
Logxg=7 2o3x5 =53 S R T 4 o dxs=g
2.2 _ 3.2 2.3_1 l.g=-1
5 37371 6. 5xF=7% 73 8. §:8°&
.5 _ 1 9 .5 _3 3.1 1 3 _
9. STZ_K 10. 0°6 "4 11. 786 12. OX? 0
4 -5l 3,23 3.7-L ~18=1L
SOLVE EACH PROBLEM
17. 'The lengh of a track around a football field is % miles. )
You jog 6 times around the track. How far do you jog? 15

18. Arbor School invited boys to try out for it’s baskeball team.
Of the 36 boys who tryed out, % made the team. How many
boys did not make there team? 12 boys

19. Doug ate % of a pie. Then he ate L of what was left s
left. How much of the pie did she eat? 1¢ of the pie

20. Miss Smiths class is cutting ribbon How many
% -inch strips can be cut from 20inches of ribbon. 10 strips




Name Date

THE PRICE ISN'T RIGHT

The stories you are about to read are true;
only the names have been changed. In each
case, employees charged customers incorrect
amounts due to mathematical errors. So,
<« » b . .

come on down” and let’s investigate what
happened. And let’s also do some mathematics
to make sure that the price is right.

THE SENIOR CITIZEN SPECIAL

Mr. and Mrs. Lucky, who are senior citizens,
ate dinner at the restaurant that displayed
the sign shown below. Let’s pick up the
conversation at the end of their dinner.

Senior Citizen Special
Dinners
20% OFF

Waiter: Is there anything else I can get you?

Mpr. Lucky: No thank you; I think everything is fine. All we need is our check.
Waiter: Well, let’s see . . . there’s two of you—so that means you get 40% off.
Mps. Lucky: Excuse me sir, I think we should only get 20% off the total bill.

Waiter: I think you get 40% off, but let me check with the manager.
The waiter goes out and returns with the manager.

Manager: ~ Your waiter is correct. You're entitled to 40% off the total check.

Mrs. Lucky: Well, if that’s the case, the next time my husband and I come here we'll bring
three of our friends so that all of us will eat for free!

From Mathematics Explorations © Good Year Books. www.goodyearbooks.com
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QUESTIONS

1. Suppose the regular price for Mrs. Lucky’s dinner was $12.95,
and the regular price for Mr. Lucky’s dinner was $14.50.

. How much would Mrs. Lucky’s dinner cost at 20% off?

o o

. How much would Mr. Lucky’s dinner cost at 20% off?

. What would be the total cost for the two dinners at 20% off each dinner?

O

o,

. What would be the total cost for the two dinners at 40% off the total
of the regular prices?

2. Were Mr. and Mrs. Lucky lucky, or were the waiter and manager correct?
Explain your reasoning.

3. Why do you think Mrs. Lucky suggested to the waiter and manager that the next time
they come to the restaurant they might bring three of their friends with them?

PURCHASING PHOTOCOPIES AT COPIES, INK

Mr. Inkblott goes to Copies, Ink, to have
some photocopies made. He needs 4,800. o
After examining the sign, he decides to have COPIES, In k
5,001 copies made (even though he doesn’t

need that many). Later that day he returns to

If you order... You pay ...

Copies, Ink, to pick up his order. Let’s pick Up t0 5,000.....cccceenrrrreene 7¢ each
up the conversation as Mr. Inkblott hands the 5001 to 7.500 46¢ each
clerk his credit card. ' T mmm—— '

more than 7,500............. 3.5¢ each

Clerk: This is a good-sized order.

M. Inkblott: Yeah, and I made it even bigger
because of your great prices here.

Clerk: The total comes to $2,300.46.

M. Inkblott: What? That's impossible! There has to be an error here!

Clerk: I’'m sorry, but the cash register shows $2,300.46.

Mpy. Inkblots: Wait, let me try to explain your error. Let’s suppose there were 5,000 copies at
5¢ per page.

Clerk: But the price is 4.6¢ per page. Don't try to confuse me.

THE PRICE ISN'T RIGHT




QUESTIONS

4a. Based on the sign, how much should 5,001 copies cost?

b. What error was made in determining the total cost?

5a. Why did Mr. Inkblott attempt to explain the cost for 5,000 copies at 5¢ per page?

b. How would you have tried to explain the error?

6a. Why did Mr. Inkblott order 5,001 copies instead of 4,800 copies?

b. Would Mr. Inkblott have been even better off having 7,501 copies made? Explain.

7. Although many types of stores offer discounts for large quantities, does the pricing
structure at Copies, Ink, really make sense? From the point of view of Copies, Ink, how
might the pricing structure for volume discounts be improved?

THE PRICE ISN'T RIGHT
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Name Date

CALCULATIONS THAT ARE NOT
PAR FOR THE COURSE

A number of years ago, a major city newspaper in the
United States reported increases in golf fees in its local
area. The table below accompanied the article.

Glance over the data in the table. Can you tell that the table
contains incorrect calculations? To use golf lingo, these
calculations have been “sliced out of bounds.” So, put on
your detective hat, and let’s search “fore” and chip away at
the errors in the table. Then “tee off” on the questions that
follow. Our goal is to help the newspaper reporter get out
of the “sand traps”—and “iron” out those errors!

IT COSTS MORE, OF COURSE

COURSE 1988 1992 CHANGE (PCT.)

Jackson Park (City)

Weekday fee $6 $7 +$1 (11)

Weekend fee $6.50 $8 +$1.50 (12)
Glencoe (North)

Weekday fee $15 $22 +$7 (15)

Weekend fee $17 $24 +$7 (14)
Kemper Lakes (Northwest)

Weekday fee $65 $90 +$35 (14)

Weekend fee $65 $90 +$35 (14)
Village Links (West)

Weekday fee $18 $33 +$15 (18)

Weekend fee $19 $35 +$16 (18)
Dubsdread No. 4 at Cog Hill (Southwest)

Weekday fee $35 $70 +$35 (50)

Weekend fee $35 $70 +$35 (50)
George Dunne (South)

Weekday fee $6 $20 +$14 (33)

Weekend fee S7 $25 +$18 (35)




QUESTIONS

la. What does “CHANGE” stand for in this table?

b. Are there any errors in the “CHANGE” column?
Hint: There is a “double bogey” at one of the courses.

2a. What does “(PCT.)” stand for in this table?

b. Do you think parentheses should be used in the “(PCT.)” column of this table? (You
might want to check with someone who is familiar with financial statements to find out
what parentheses usually mean when they appear in such documents.)

3a. Use mental math or estimation to answer this question:
For which courses did the reporter make an error in the “(PCT.)” column?

b. Use a calculator to correct all of the errors in the “(PCT.)” column. Write the correct values
to the right of the incorrect ones. Note: Be sure to use the correct values you found in
question 1b.

c. Explain the method you used to find the correct results.

4a. You should now be in the “swing” to use your clues to do some serious detective work.
What do you suppose the newspaper reporter did to arrive at most of the “(PCT.)” results
in the table? That is, try to find a pattern that describes most of his or her calculations.

b. The calculations for Dubsdread probably don’t fit your pattern. What do you suppose the
reporter did to arrive at those results?

10

CALCULATIONS THAT ARE NOT PAR FOR THE COURSE
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c. Do you think the errors in the “(PCT.)” column are the result of a “computer error”?
Explain.

5. According to the newspaper article that accompanied the table, “The price of a round of
golf at Village Links has gone up a moderate 10 percent to $33 on weekdays.” Did the fees
increase by a “moderate 10 percent”? Explain.

6. Do journalists need to have basic mathematics skills? Explain.

CALCULATIONS THAT ARE NOT PAR FOR THE COURSE
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Name Date

DISCOVERING INTEGER RULES
WITH INTEGER MAN

In this activity lesson, you will observe the actions of Integer Man (a little stick figure) walking
on a number line. This should help you discover a rule for adding and subtracting integers.

ADDITION OF INTEGERS

» For positive numbers, move forward. For negative numbers, move backward.

Example 1: Find 6 + (-4)

k > Addition means L

continue facing in

3 -2 -1 0 1 2 3 4 5 6 7 the same direction. 01 2 3 4 5 6 7 8 9
Start at 0, facing the positive numbers. ‘Then walk backward 4 steps for —4.
Walk forward 6 steps for 6. End at 2.

So, 6 + (—4) = 2.

Example 2: Find (-2) + 5

4& Addition means k >

continue facing in

3 -2 -1 0 1 2 3 4 5 6 7 the same direction. 3 -2-1 0 1 2 3 4 5 6 7
Start at 0, facing the positive numbers. Then walk forward 5 steps for 5.
Walk backward 2 steps for —2. End at 3.
So, (<2) +5 =3.

Use the number line and Integer Man below to help you find each sum.

1. 5+(-3)= 2044(-7)=____ 3. 6+(-6)=
4. 7)+2= 5. -1)+5=_____ 6. (-8)+8=__
7. (2)+(-2)=____ 8. (3)+(-4)=_____ 9. (-1)+(-8= ___
10. 0+(-6)= 1. (-2)+9=_____ 12. (5+(-2)=____

R I I N N N NN I S S S S S S SN N N
~r T r 11+ r 11 1 1 17 1 1 11 1 |
-9 8 7 6 5 4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9

Cut out these figures for use on the number line.

e
pes
U

12
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13. Put on your detective hat. Study the results in questions 1-12.
Wrrite a set of rules for finding the sum of two integers.

SUBTRACTION OF INTEGERS

» For positive numbers, move forward. For negative numbers, move backward.

Example 3: Find 7 - 2.

Subtraction means

turn around.

-3 2 -1 0 1 2 3 4 5 6 7 -3 2 -1 0 1 2 3 4 5 6 7
Start at 0, facing the positive numbers. Then walk forward 2 steps for 2.
Walk forward 7 steps for 7. End at 5.
So,7-2=5.

Example 4: Find (-3) — (-4)

A A A

Subtraction means
—_————— curn around. —_—————
-3 -2 -1 0 1 2 3 4 5 6 7 -3 -2 -1 0 1 2 3 4 5 6 7
Start at 0, facing the positive numbers. Then walk backward 4 steps for —4.
Walk backward 3 steps for —3. End at 1.

So, (-3) — (-4) = 1.

Use a number line and Integer Man to help you find each difference.

14. 5-3= __ 15 4-7=____ 16. 6-6=
7. -7)-(-2)=__ 18 (-1)=(-5=_____ 19. (-8)-(-8= ___
20. (-2)-2= ___  21.(3)-4=___ 22. (-1)-8=
23. 0-6= __ 24. (-2)-(-9=____ 25 (5-2=___

26. Compare the answers to questions 1-12 with those in questions 14-25.
What do you notice?

27. Write a rule for subtracting two integers.

DISCOVERING INTEGER RULES WITH INTEGER MAN
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Name

Date

WHO IS THE PRIME SUSPECT?

Materials: computer; spreadsheet software
(such as Excel)

A number is divisible by a second number
if the quotient when dividing the first
number by the second number is a whole
number and the remainder is 0. A prime
number is a positive integer (other than 1)
that is divisible only by itself and 1. The first
four prime numbers are 2, 3,5, and 7. A
composite number is a positive integer that
has a positive divisor other than 1 or itself.
The first four composite numbers are 4, 6,
8, and 9. The numbers 0 and 1 are neither
prime nor composite.

lhave a Jong way
before | reackh

More than 2,500 years ago, the Greek
mathematician Euclid proved that there is
an infinite number of prime numbers. Since
prime numbers do not occur in a regular
sequence—and since there is no formula

to find them—mathematicians must search
for them. Basically they use the “guzzinta”
method: To check that a number is prime,
trial division is used to determine that no
number (but the number itself and 1) “goes
into” that number. Today this is done with
computers.

Following is the largest known
prime number (as of the time of this
printing), discovered in 2008:

243,112,609 -1

In the above number, the base 2 is
used as a factor 43,112,609 times.
To obtain the prime number, 1 then
is subtracted from that result. When
expanded, this number has
12,978,189 digits. If the 12,978,189
digits were written in this 12-point
Helvetica typeface without commas,
the numeral would extend about

20 miles. Mathematicians are
continually searching for the next
largest known prime number.

Very large prime numbers are used as codes
to protect information stored in computers.
Very large prime numbers are also used to
break such codes. Because prime numbers
are difficult to discover, they improve the
security of computer installations. The job
of a cryptologist is to encipher (create) and

decipher (break) such codes.

14
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You have just intercepted the coded message that appears below! K

This message may reveal the name of the prime suspect in your case! 3 :

Coded Message #1

1000440 0283855 0922628 0880546 0519276

You can decode the Coded Message by following Steps 1-4 on the following pages. Each
7-digit number in the code is divisible by ONE prime number that you need to find.

So, to break the code, you must find the one prime number
that is a factor of each number in the code.

You will use a spreadsheet to simultaneously divide each of the five numbers in the code by
prime numbers that you test. There is one particular prime number (that you have to find)
that will result in all whole-number quotients. When you simultaneously obtain all whole-
number quotients, you will have found the prime number that “goes into” each number in the
code. You will then apply the Decoder (on page 16) to those quotients to help you spell out
the secret code.

Page 18 shows a table listing the first 200 prime numbers. That list provides the prime
numbers that you need to test to break the code.

STEPS TO DECODE THE MESSAGE

1. Enter each of the five numbers from the Coded Message in row 1 of a computer spreadsheet.

A B C D E

1 1000440 0283855 0922628 0880546 0519276

2. You will use your spreadsheet to simultaneously divide each number in row 1 by a prime
number that you will enter in cell A3. To tell the computer to divide each number in row 1
by a number you enter in cell A3, type the formulas shown below into Cells A2 through E2:

A B C D E
1 1000440 0283855 0922628 0880546 0519276
2 =A1/A3 =B1/A3 =C1/A3 =D1/A3 =E1/A3
3 A

Enter each prime number you test into cell A3.

WHO IS THE PRIME SUSPECT?

15




Note: A formula in a computer spreadsheet must begin with an = sign to tell the computer

that an operation is about to be performed. If an = sign is not used, the computer will

interpret the information as ordinary text.

Note: =A1/A3 tells the computer to divide the value in Cell A1 by the value in Cell A3.
You will now get an Undefined Message (#DIV/0!) in Cells A2 through E2. This message is

what you should expect—since you have not yet entered a nonzero divisor in cell A3. At this

moment, the value in cell A3 is 0. So the computer is being asked to divide by 0—something

that is impossible!

3. With a partner, use your spreadsheet to divide each of the five numbers by the same

prime number until each number has a whole-number quotient. Continue to enter prime

numbers in cell A3 until you find the one that works.

Note: To increase your speed, press the Option | Enter (on a Mac) key after you type each

prime number (rather than using the Rerurn key). This will keep the cursor in cell A3. (If

you use the Return key, the cursor will move down to the next cell.)

4. Once you obtain all whole-number quotients in Cells A2-E2, record them in the

following table—with the first quotient going in the first box, the second quotient in the

second box, and so on. Then use the Decoder below to write a letter for each group of two

digits in your quotients. (Write leading Os for any three-digit quotients.) The letters will

form the message.

Whole-number

Quotient

Decoded

Message

DECODER for Message #1

A B C D E F G H | J K L M
07 17 08 18 09 01 19 20 10 02 11 21 12
N 0] P Q R S T U Vv W X Y Z
03 13 22 14 04 23 15 24 05 25 16 26 06

Write out the secret message:

16

WHO IS THE PRIME SUSPECT?
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You have just received another Coded Message. It appears below.
Obviously, the first message was useless. Use the same method and
the new Decoder below to break the code. Maybe this message will
reveal the name of the prime suspect.

Coded Message #2

384556 2294467 700225 840270 907643

Whole-number
Quotient

Decoded
Message

DECODER for Message #2

A B C D E F G H I J K L M
25 18 11 17 09 20 19 01 17 02 99 21 05

N ) P Q R S T V) \Y W X Y z
03 10 31 14 08 30 15 24 39 13 16 26 28

Write out the secret message:

WHO IS THE PRIME SUSPECT?
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31

73

127

179

233

283

353

419

467

547

607

661

739

811

877

947

1019

1087

1153

37

79

131

181

239

293

359

421

479

557

613

673

743

821

881

953

1021

1091

1163

The First 200 Prime Numbers

41

83

137

191

241

307

367

431

487

563

617

677

751

823

883

967

1031

1093

1171

43

89

139

193

251

311

373

433

491

569

619

683

757

827

887

971

1033

1097

1181

11

47

97

149

197

257

313

379

439

499

571

631

691

761

829

907

977

1039

1103

1187

13

53

101

151

199

263

317

383

443

503

577

641

701

769

839

911

983

1049

1109

1193

17

59

103

157

211

269

331

389

449

509

587

643

709

773

853

919

991

1051

1117

1201

19

61

107

163

223

271

337

397

457

521

593

647

719

787

857

929

997

1061

1123

1213

23

67

109

167

227

277

347

401

461

523

599

653

727

797

859

937

1009

1063

1129

1217

29

71

113

173

229

281

349

409

463

541

601

659

733

809

863

941

1013

1069

1151

1223
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Name

Date

THE CREDIT-CARD CRUNCH

Materials: computer; spreadsheet software
(such as Excel)

Many companies issue credit cards using
catchy slogans to encourage people to get
their cards and to buy things with them.
Although ads for credit cards tend to make
spending money look like fun, it’s not much
fun having to pay off credit-card debt over
many, many, many years!

Each month your credit-card company sends
you a statement showing how much you owe
(the New Balance).

m Ifyou pay the New Balance in full, 7o
Finance Charges will be added to next
month’s bill.

m Ifyou do not pay the New Balance in
full, a Finance Charge will be added to
next month’s bill (on the old balance and
on all zew charges).

Credit-card companies use different ways
to compute Finance Charges—and charge
different rates. To make “it easier” to make
payments, customers are generally allowed
to make only a Minimum Payment each

month.

Congratulations!
Your Credit Card Application Has Been Accepted!
» For unpaid balances, the Finance Charge will be 1.5% per month.

» The Minimum Monthly Payment for each billing cycle will be the greater
of $10 or 3% of the New Balance. If the New Balance is less than $10, your
Minimum Monthly Payment is your New Balance.
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QUESTIONS

1.

. Revised estimated length of time to pay off the $3,000 charge:
b. Revised estimated Total Payments to pay off the $3,000 charge:

Suppose you make $3,000 worth of purchases with your credit card during the first
month—and make no more future purchases.
Quick: Make the following mental estimates (no paper and pencil):

a. About how long do you think it would take to pay off the $3,000 charge

if you make only the Minimum Payment each month?
Estimated length of time to pay off the $3,000 charge:

. About how much do you think your Total Payments would be

to pay off the $3,000?
Estimated Total Payments to pay off the $3,000 charge:

Now make a few calculations and discuss the situation in your group.
Then revise your estimates in question 1, if necessary.

We are now going to make a computer spreadsheet to determine how long it will take to

pay off this purchase and how much your Total Payments will be.

Enter the text and formulas that appear below into a computer spreadsheet. Then use

the Fill Down option to fill all the rows, beginning with row 5. Notice that the Amount

Charged, $3,000, the Monthly Interest Rate, 0.015 (1.5%), and the Minimum Monthly

Payment, 0.03 (3%), are entered in cells B1, D1, and F1, respectively. The values in those

cells are then referred to in the spreadsheet formulas.

Note the following about the spreadsheet:

* The Finance Charge each month is the product of the value in cell D1 (0.015) and the
New Balance from the line directly above.

e The Finance Charge each month is added to the New Balance from the line above to
create the Current Balance (in cell C in the row of the given month).

* The Minimum Payment each month is the product of the value in cell F1 (0.03) and
the Current Balance (in cell C in the row of the given month).

* The New Balance for each month is the difference between the Current Balance and
the Minimum Payment during the given month.

A B C D E F
Monthly Minimum
Amount Interest Monthly
Charged $3,000 Rate 0.015 Payment 0.03
Month Finance Current Minimum New
Number Charge Balance Payment Balance
1 $0.00 =B4 + B1 =SF1*C4 =C4-D4
=A4+1 =$D1*E4 =E4 + B5 =$F1*C5 =C5-D5
=A5+1 =$D1 *E5 =E5 + B6 =$F1*C6 =C6 - D6
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Spreadsheet displaying the results for the first 10 months:

A B C D E F
Monthly Minimum

Amount Interest Monthly
1 Charged $3,000 Rate 0.015 Payment 0.03
2

Month Finance Current Minimum New

3 Number Charge Balance Payment Balance
4 1 $0.00 $3,000.00 $90.00 $2,910.00
5 2 $43.65 $2,953.65 $88.61 $2,865.04
6 3 $42.98 $2,908.02 $87.24 $2,820.78
7 4 $42.31 $2,863.09 $85.89 $2,777.19
8 5 $41.66 $2,818.85 $84.57 $2,734.29
9 6 $41.01 $2,775.30 $83.26 $2,692.04
10 7 $40.38 $2,732.42 $81.97 $2,650.45
11 8 $39.76 $2,690.21 $80.71 $2,609.50
12 9 $39.14 $2,648.64 $79.46 $2,569.18
13 10 $38.54 $2,607.72 $78.23 $2,529.49

4a. Based on your spreadsheet, how many months will it take

to pay off the $3,000 charge?

b. How many years will that be (to the nearest tenth of a year)?

Use your spreadsheet to compute the total payments made during all of the months.

5a. How much will the total payments be during the time it takes
to pay off the debt?

b. How much of the total payments will be finance charges?
(Subtract $3,000 from the total amount paid.)

6. How do the results obtained from your spreadsheet compare to your original estimates and

revised estimates (from questions 1-2)?

7a. Under what conditions would you be affected by the interest rate of a credit card?

b. Under what conditions would you not be affected by the interest rate of a credit card?

THE CREDIT-CARD CRUNCH
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8. If you are considering buying something for $3,000—but don’t have the money and would

likely not have the money for a long time—would you charge it with the idea of making

just the Minimum Payment each month? Explain what you would do.

EXTENSION

Avoiding large amounts of credit-card debt
is just one aspect of securing one’s financial
future. Another key aspect is saving money
for the future. It is especially important

to begin saving when you are young. This
is because the effect of compound interest
increases as the amount of time the money
is invested increases. Compound interest

is interest you receive on the amount you
invest and on all previous interest received.

Let’s consider two people, Individual A

and Individual B. Individual A begins a
retirement account by investing $2,000 each
year from age 22 to 28. This person does not
invest any more money into this account.
Individual B begins a retirement account at
age 29 by investing $2,000 each year. This
person continues making a $2,000 deposit
each year through age 65. Let’s assume that
the individuals earn 10% compound interest
on their money each year. This is known as
the annual rate of return.

1. Make and extend the computer spreadsheet shown below to determine how much money

each individual will have in his or her account at age 65.

Annual Rate of Return: | 0.10
Individual A Individual B

Deposit at Deposit at

Beginning Total in Account Beginning Total in Account at
Age of Year at End of year Age of Year at End of Year
22 $2,000 $2,200.00 22 $0 $0.00
23 $2,000 $4,620.00 23 $0 $0.00
24 $2,000 $7,282.00 24 $0 $0.00
25 $2,000 $10,210.20 25 $0 $0.00
26 $2,000 $13,431.22 26 $0 $0.00
27 $2,000 $16,974.34 27 $0 $0.00
28 $2,000 $20,871.78 28 $0 $0.00
29 S0 $22,958.95 29 $2,000 $2,200.00
30 $0 $25,254.85 30 $2,000 $4,620.00

2. Compare and contrast the retirement plans for Individuals A and B by the time they reach

age 65.

22
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Name Date

MODE CODE

Cryptology is the science of secret
communication. The word comes from
the Greek krypros (“hidden”) and Jogos
(“word”). People who decode messages
are aided by the fact that certain letters

of the alphabet occur more frequently

in writing than others. Approximate Percent of
Letters in Written English
The table at the right shows the E 1300 D 2.0% G 15%
approximate percent of use of each =7 =7 27
letter in ordinary written English. The T 9.0% L 3.5% W 1.5%
percents were calculated by counting A 8.0% C 3.0% vV 1.0%
the letters in thousands of sentences. O 8.0% M 3.0% J 0.5%
These percents are found to be about N 2 0% U 30% K 05%
the same when comparing one large
" | 6.5% F 2.5% X 0.5%
sample of writing to another.
R 6.5% P 2.0% Q 0.3%
Work with a partner as you complete S 6.0% Y  2.0% 7 02%
these questions. 0 5.5% 5 15%

QUESTIONS

la. In a large passage of written English, which letter
would you expect to be the mode?

b. In a large passage of written English, about what percent
of the letters would you expect to be vowels (excluding Y')?

2a. How many times would you expect the letter £ to occur
in a message consisting of 1,270 letters?

b. How many vowels (excluding ¥") would you expect to occur
in a message consisting of 1,270 letters?

3. 'The Secret Message on the following page was created by using numerals to replace letters
of the alphabet. A given numeral in the Secret Message stands for the same letter each
time it occurs. Determine the frequency for each numeral in the Secret Message. Use
tally marks to record the results in the frequency table on the following page. (The Secret
Message uses only 21 letters of the alphabet.)

24
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4a. Which numeral in the Secret Message is

the mode?

. Which numeral in the Secret Message

occurs with the second-greatest frequency?

Use the table on the previous page to
help you decode the Secret Message.
Assume that the numeral that occurs
with the greatest frequency stands for £,
the next-most frequent numeral stands
for 7, and so on (for many of the
numerals). Since not all of the numerals
in this message follow this pattern exactly,
be sure to put on your detective hat—
because decoding the message will
require the use of trial-and-error.

Find the percent of use for each numeral
in the Secret Message to the nearest
tenth percent. Record the information
in a table—from the most frequently
occurring numeral to the least. Are the
percents close to what you would have
expected? Explain.

10.

Frequency Table

tallies tallies

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Secret Message

13 15 12 11 8 16 13 19 7 15 17 2
13 6 11 18 14 19 1 17 1118 2
15 17 2 21 8 17 2 13 2 8 1

11 8 13 17 15 17 18 13 11 8 16

3 2 12 13 19 17 20 4 21 19 15 17
13 6 17 14 19 8 14 17 4 13 19 9

10

MODE CODE
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Name Date

WHAT'S INSIDE A BAG OF M&MSe?

Materials: 1 “Fun-Size” bag of M&Ms® per student (referred to
in the activity as a “data package”)

You have just been handed a “data package.”

Do not tamper with
the data until you
are told to do so!

Before you open your data package, complete question 1.

1. a. Estimate how many M&Ms® are in your bag.

b. Do you think everyone in the room has the
same number in his or her bag?

If so, do you think each person has the same

number of each color? Explain your answers.

2. Open your data package. Complete the
frequency table below to show how many
M&Ms® of each color are in your bag.
Color Tallies | Frequency
Red
Brown
Yellow
Orange
Green
Blue

3. Use your data to make a bar graph in this

grid. Make sure to label both axes of your
graph and that you give the graph a title.
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4.

Sa.

8.

. What is the sum of the above percents for the six colors of M&Ms®?

You may now “dispose” of your data in some appropriate manner.

Find the percent of the total number of M&M:s® in your bag that is each color (to the
nearest tenth of a percent).
Red Brown Yellow

Orange Green Blue

. Which color (or colors) in your bag is the mode (the color or colors

that occur with the greatest frequency)?

Work in a small group.

. In the table below, make a list of how many M&M:s® each member of your group obtained.

Discuss how close you were to your original estimates.

Name How Many

. What is the mean, or average, number of M&Ms® per student in your

group (total number of M&Ms® in your group divided by the number

of students in your group)?

. What is the range for your group (difference between the greatest

and least numbers of M&Ms® a student received)?

Combine the data from your frequency Color Frequency
table with the data obtained by the rest of
Red
your group. Make a new frequency table
to show how many M&Ms® of each color Brown
were obtained by your entire group.
Yellow
Orange
Green
Blue

Examine your group frequency table. Which color or colors is the mode?

WHAT'S INSIDE A BAG OF M&MS®? 27



9a. For each color, find the percent of the total number of M&Ms® in your group (to the
nearest tenth of a percent).

Red Brown Yellow
Orange Green Blue

b. What is the sum of the above percents for the six colors of M&Ms®?

10. Explain how you could find the mean number of M&Ms® per bag for the entire class.
Then do so.

When the class gets together as a
whole, we will discuss our findings
and make some predictions.

Let’s now consider another unopened “Fun-Size” bag of M&Ms®. We are going to use the
data we have collected during this activity to help us predicz . . .

(a) how many M&Ms® are in this bag and
(b) how many of each color are in the bag.

11. Use your data to predict how many M&M:s® are in the bag.
12. Predict how many of each color are in the bag:
Red Brown Yellow
Orange Green Blue

13. Discuss the data you considered in making your predictions.
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Name Date

GIVE ME A BRAKE!

You are a member of a team of independent
test engineers investigating the safety record
of the CrashSmasher automobile. To date,
thousands of CrashSmasher automobiles have

been manufactured, and the company has

great expectations for its future. However,

recently there have been numerous serious The new CrashSmasher
accidents involving this automobile. There (before it was totaled in an accident)
have been reports that these accidents

occurred because the brakes on some of these

cars did not function properly.

Your team’s assignment is to analyze the data
and then make a report that will reccommend
whether or not this car is safe for use on U.S.

highways.

The new CrashSmasher
(a“smashing hit” after a smash-crash test)

Your team of engineers has tested the brakes of 40 CrashSmasher vehicles. Each car was tested

at a speed of 55 mi/h. Then the brakes were applied. At that point, the distance it took the car
to come to a complete stop was measured. The following test results, in meters, were recorded
for the 40 cars.

24 22 24 24 24 26 22 25
23 22 24 24 20 25 26 30
24 24 22 24 26 24 25 21
23 17 25 24 24 26 24 22
25 28 24 24 22 24 24 23

It has been determined by U.S. Highway Department standards that a safe driving distance
is one car length for every 10 mi/h a car is traveling. The CrashSmasher measures 5 meters

in length.
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GROUP REPORT AND PRESENTATION

Your team of independent engineers has been
asked to create a short written report on the
braking system. The written report should be
about one paragraph in length and include
relevant summary statistics (such as the mean,
median, mode). Most important, the report
needs to provide a conclusion, indicating
whether or not your team feels the car is safe
for use on U.S. highways and explain why

or why not. This conclusion must be clearly
indicated in the report. The report must also
include a graph (of your choice) displaying
data to support your conclusion.

Your group will be expected to make an oral
presentation of the report (and graph) to

an important highway safety commission
(your class). In your presentation, be sure to
discuss what factors you considered in your
conclusion. Since the safety commission

is likely to ask tough questions, the style

of your report and presentation should be
persuasive.
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Name Date

MOZART MATH

Materials: number cubes, musical instruments
(optional)

Wolfgang Amadeus Mozart (1756-1791) was
born in Austria and began composing when he
was 5. He played before the Austrian empress
when he was 6, composed his first three
symphonies when he was 8, and finished his
first opera at 12. Mozart lived just 35 years, but

he was able to compose about 600 works.

Wolfgang Amadeus Mozart

AN INTRODUCTION TO PROBABILITY

Mozart combined math and music in a fun way. Before we explore those connections, let’s
explore a few probability concepts. The diagram below shows that when a pair of number
cubes is rolled once, there are 36 possible outcomes. Since each outcome has the same chance
for occurring, we say that each of the 36 outcomes is equally likely.

CE CE LR LEE R -E

S o |l

SN0 N |3 B |

P | o | | A

$S3 | 0 R | B 4 | A

| 0 | - | A
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The diagram shows that when a pair of number cubes is rolled once, the possible sums are:
2, 3, 4, 5 6, 7, 8 9, 10, 11, 12
A collection of possible outcomes is called an evenr. Each of the above sums is an event. The

diagram shows that there . . .

is 1 possible outcome for the event 2 (rolling a 1-1),
are 2 possible outcomes for the event 3 (rolling a 2—1 or 1-2),
are 3 possible outcomes for the event 4 (rolling a 3—1, 2-2, or 1-3), and so on.

QUESTIONS

1. Suppose a pair of number cubes is rolled once. How many outcomes are there for rolling
the event. . .
50 6 7 8
92 102 112 122

The probability (or chance) that an event will occur can be found by writing this fraction:

number of possible outcomes for event

total number of equally likely outcomes

Thus, when a pair of number cubes is rolled once, the probability of rolling a 5 is

4  <— possible outcomes for event

36 <« total number of outcomes

2. Suppose a pair of number cubes is rolled once. Use the diagram to help you find the
probability of each of these events.

2 3 4 5_
6 7o 8 9 _
10 11 12

MOZART'S GAME OF CHANCE

Mozart made up a game to see what happens when music is put to chance. First he wrote
some measures of music. Each measure was given a number.

A person then rolled some number cubes. The total number rolled was matched to the measure
of music with that number. This became the first measure of music in a new piece. Then the
number cubes were rolled again. The second number rolled determined the second measure of
music, and so on. When completed, Mozart and his friends had fun playing the new piece.

Mozart composed the music on page 33, the first 11 measures of Minuet in F (K.2), when he
was just 5 years old. Let’s use these measures of music to play Mozart’s game. The 11 measures
are numbered 2—-12 to correspond to the numbers on number cubes.
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3. Suppose a pair of number cubes is rolled once.
a. Which measure of music below is most likely to be rolled?
b. Which two measures of music are least likely to be rolled?

4. Roll a pair of number cubes 12 times. Record the sums that you roll below.

Cut out and glue the measures of music (see page 35) that you rolled on a piece of paper.
Extra copies of music are provided at the end of this lesson since you will roll some measures
more than once.
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% z I —

i

8 9 10 11 12

We're now going to analyze the measures of music that you rolled to create your newly created

piece of music.

5. Did the measures of music you thought would be rolled more often than other measures

actually get rolled more often? Did the ones with the least chance of being rolled actually

get rolled least often? Explain.

6. Recall that when a pair of number cubes is rolled once, the probability of rolling a 7 is
Based on what you discovered from this activity lesson, what does such a probability
mean? Are you guaranteed to roll one 7 in every six rolls? Explain.

7. If musical instruments are available, members of the class may want to play the newly
created pieces of music.

MOZART MATH




EXTENSION

A Note or Two about Music: The most common
types of musical notes are shown at the right. A
time signature appears at the beginning of a piece
and looks like a fraction. It tells the number of
beats in a measure and type of note that receives
1 beat. For example, a signature of i (two-four
time) means there are 2 beats per measure and
that a quarter note gets 1 beat. So, the sum of all
note values in a measure of two-four time is %,
or %

J
)
> J3
>3

Whole note
Half note
Quarter note

Eighth notes

Sixteenth notes

The music below, Kontretanz, was written by Mozart when he was about 8 years old. Draw

vertical lines in the music below to separate the music into measures. Show the sum of each

set of fractions below each measure. The first measure is done for you.

o o
T — —— " . PFrepr @
= o — .
‘\ I ]
1,1, 1 1 1
4 16 16 16 16 ~ 2
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Extra Copies of Minuet in F (K.2)

Wolfgang Amadeus Mozart

&

mp
2

D]
()

hdl N1

rax

12

11

10

—

mp
9 2

2

hdll N1

12

11

10

A ~ il N
Y N HI
N ol
L
T /J © ol o
e
_fJ i ol -
(YEl
T e
J 4l
Ha |
iy ol (R YU
11 - “HiR m
N < [
HI .7_7 QL
gl
e TN
ol o =
o S
A ol (%) H m
(Yl i E
.Fu— QL Al S W
g
L el T L <
A
Af - ol L K
i) AR :
ST 1% ; g
N N N 3
N— N’ «»

W02'$}00GIEIAPOOD MMM 'SH00g JBSA POOD) @ SUOIIDIO|AXT S2IDWAYIDIY U0

35

MOZART MATH






From Mathematics Explorations © Good Year Books. www.goodyearbooks.com

Name

Date

THE CASE OF THE SMASH HIT

Materials: metric ruler

Detective Shirley Solvit is shopping for a
new storm door. She knows that there are
youngsters who play baseball near her
backyard—and that some of them can really
slam the ball. So to reduce her chances of
getting a broken window, she wants to buy
the door that will have the greatest chance
of surviving these neighborhood sluggers.
Let’s pick up the conversation at the store.

Clerk: May [ help you?

Solvit: Can you tell me which storm door,
when hit by a baseball, is least likely
to get broken? Also, I'd like to see the
data that support your conclusions.

Clerk: Give me a break!

Solvit: No, I'm trying to avoid anything
getting broken! The conclusions will
simply hinge on paneless probability.

Clerk: Probability?

Solvit: Yes. Let me explain. Suppose a batted
ball hits a random point on a storm
door. The probability that the ball
will hit the glass portion is found as
follows:

area of glass region

P=

area of entire door

Probability is often written as a percent.

Clerk: Now that you have explained this
in terms of storm doors, I can
follow what you're saying. I think
our readers should take some
measurements of the doors, find
the probabilities, and then find out
which door is best for you.

The clerk and Detective Solvit have opened
the door for you to swing into action to
solve the following problems. You will need a
metric ruler to measure the doors pictured in
the following newspaper ads.
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Door #1

Door #2

NN

Doors by
Screen, Inc.

“Our prices won't
strain your wallet!”

N\

Ding-a-Ling
Corporation

“Don’t knock our name!”

Was $189. Was $169.
On sale for On sale for only
$159 $125
Door #3 Door #4
A Door’s Not / A. Dorable
/ alJar™ / . 2 Co
/ Wetein aglass “We're adorable.”
by ourselves.” .
Was $199 // Was $199.
Super Sale Price: 0"$513|7egfor

$129

QUESTIONS

1. For each door, find the . . .

a. area of the glass region(s). (Measure each side to the nearest millimeter.)

b. area of the entire door.

c. probability that a batted ball that hits the door at a random point will hit the glass.

(Round each probability to the nearest percent.)

Door #1:
Door #2:
Door #3:
Door #4:

Area of Glass Region

a.

a.

a.

Area of Door
b.

b.
b.
b

Probability

C.

C.

C.

C.
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2. Detective Solvit is on a very limited budget. Which door do you think she should buy?
Explain your reasoning.

3a. The scale used in the drawings of Door #1 and Door #2 is 1 cm = 16 in.
What are the actual dimensions of those doors?

b. The actual dimensions of Door #3 and Door #4 are 32 in. by 80 in.
What scale was used in the drawings of those doors?

4a. Suppose a batted ball hits Door #1. What is the probability that
the ball will 7oz hit the window?

b. Suppose two batted balls in a row hit Door #1. What is the
probability that neither batted ball will hit the window?
Round results to the nearest percent.

c. Suppose two batted balls in a row hit Door #1. What is the probability
that ar least one of the batted balls will hit the window?

Hint: To avoid getting your foot caught in the door, solve this equation:

P (neither ball will hit the window) + P (at least one ball will hit the window) = 1

NOW BACK TO THE CASE.

Detective Shirley Solvit purchased one of the doors and installed it. Later that day, three
youngsters played baseball near her backyard. All of a sudden, one of the youngsters hit a ball
that went back, back, back, SMASH! It was a home run right through Detective Solvit’s new
storm door—and now the youngsters were wondering if they should run home. Detective
Solvit immediately went outside and asked, “Who broke the window?”

The youngsters replied as follows:

Pat: I did not break the window.
Chris: Gene broke the window.

Gene: Chris is right. I broke the window.

Detective Solvit thought to herself, “I don’t have
enough information to surely solve it. They’re playing
hardball with me.” Then she noticed a bystander
looking on.

Solvit: Pardon me, did you see who broke the
window?

Bystander: Well, I don’t want to mention any names,
but I'll give you this little clue: At least one

of the three youngsters has lied, and at
least one of the three has told the truth.

THE CASE OF THE SMASH HIT
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Detective Solvit thanked the bystander. She thought about the clue and then concluded to herself,

“Now I know who broke the window. This case is open-and-shut, and no one will get framed.”

5. Who broke the window?

Hint: The key to answering this question is to use logical reasoning—

much the same way a detective uses logical reasoning. Consider these three cases:

Case I: Pat broke the window.
Case II: Chris broke window.
Case III: Gene broke the window.

For each case, complete the tables provided below to help you keep track of who lied and who

told the truth. Remember, based on the clue provided by the bystander, at least one person

lied and at least one person told the truth.

Case l

Youngsters Who Lied

Youngsters Who Told the Truth

Pat

Chris

Gene

Casel ll

Youngsters Who Lied

Youngsters Who Told the Truth

Pat

Chris

Gene

Casellll

Youngsters Who Lied

Youngsters Who Told the Truth

Pat

Chris

Gene

CLOSING COMMENTS ABOUT THE CASE:

Before she left, Detective Solvit explained to the youngsters that she wasn't interested in

throwing someone “in the slammer.” “I just wanted to know who to congratulate for making
that shattering hit,” she said. As she stormed off (to go buy a new window), Detective Solvit

felt good that she cracked the case of the smash hit.
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Name

Date

SWIRLING HURRICANE

PROBABILITIES

Materials: calculator with a random
number generator

New Orleans is built between a lake, a
river, and the Gulf of Mexico—but the
city is lower than the surrounding waters.
It is kept dry by an extensive system of
levees and pumps. The levee system, built
in the 1960s, was designed to withstand a
Category 3 hurricane.

Katrina hit Louisiana on August 29,
2005, as a Category 4 hurricane with
sustained winds of 145 mi/h. On
September 2, 2005, the commander of
the U.S. Army Corps of Engineers was
quoted as saying:

The odds of a Category 4 or 5 hurricane
hitting New Orleans in any given year
are small. We figured we had a 200-year
level of protection. That means that an
event that we were protecting from might
be exceeded every 200 years. So we had
an assurance of 99.5% that this would be
OK. Unfortunately, we have had that
0.5% activity here.

PROBABILITY SIMULATION

Let’s run a simulation to investigate the math
used in that quote. Did the 40-year-old levee
system really provide a “200-year level of
protection”? Suppose the occurrence of an
event has a probability of 1 in 200 years

Hurricane Katrina

(0.5% chance in any given year). Does this
mean it will take 200 years before the event
will occur? This simulation will generate an
estimate for the probability of a Category 4 or
5 hurricane occurring during a 40-year period.
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There are 1,000 whole numbers from 000 through 999. Certain calculators can be used to
randomly generate numbers. Assign any five whole numbers from the interval 000-999 to the

event “Category 4 or 5 hurricane occurring.” (This represents a probability of 5 in 1,000—
which is equivalent to 1 in 200.)

m  Record your five numbers:

m  Use a calculator to generate 40 random numbers to represent what happens during each of
40 years. Record the 40 generated numbers below.

QUESTIONS

la. How many Category 4 or 5 hurricanes occurred during your 40-year trial?

b. What is your experimental probability of a Category 4 or 5 hurricane
occurring during any given year? (Divide your result in 1a by 40.)

2. Survey each classmate to find out if a Category 4 or 5 hurricane occurred during his or her
40-year trial. Write Y or N in the table below for each 40-year trial. If Yes, find out how
many Category 4 or 5 hurricanes occurred, and record that number in the table. Be sure
to include the data for your 40-year trial in the table.

Trial 1 2 3 4 5 6 7 8

Did a Category 4 or 5
hurricane occur during this
40-year trial? Write Y or N.

If Yes, how many?

Trial 9 10 11 12 13 14 15 16

Did a Category 4 or 5
hurricane occur during this
40-year trial? Write Y or N.

If Yes, how many?
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Trial 17 18 19 20 21 22 23 24
Did a Category 4 or 5
hurricane occur during this
40-year trial? Write Y or N.
If Yes, how many?
Trial 25 26 27 28 29 30 31 32

Did a Category 4 or 5
hurricane occur during this
40-year trial? Write Y or N.

If Yes, how many?

3a. Find the class experimental probability for a Category 4 or 5 hurricane
occurring in any given year.

Divide: [total number of Cat. 4 or 5 hurricanes that occurred in all trials]
by [total number of trials x 40]

b. Let’s examine each 40-year trial that was run. In how many of those
40-year trials did at least one Category 4 or 5 hurricane occur?

c. Find the class experimental probability for at least one
Category 4 or 5 hurricane occurring during a 40-year period.
(Divide the result in 3b by the number of 40-year trials that were run.)

4. In analyzing the 40-year trials, do you believe that there really was a
“200-year level of protection”? Explain.

SWIRLING HURRICANE PROBABILITIES
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Name

DOES YOUR HEAD MEASURE UP?

Materials: tape measure (metric) and rulers

Over the years, many artists and sculptors have
used the head as the basic unit in their system
of body measurements. The length of the head
was used to help them determine the relative
size of the various parts of the human body.

The Italian artist Michelangelo (1475-1564)
based the height of a human being at being
about 8 “head-lengths” tall. The drawing at the

right is based on the following measurements:

m  The navel is determined at “3 heads”
(counting down from the top of the head).

The legs are one-half of the body length.
The knees are at “6 heads.”
The ankles are at “7.5 heads.”

QUESTIONS

1. Measure each of the following to the nearest
millimeter. For each measurement, extend
rulers from your body, parallel to the floor.
Then have your partner use a tape measure
to find the distance between the rulers (or
between a ruler and the floor).

a. your head length (top
of head to your chin)

b. distance from top of
your head to your navel

c. your total height

d. length of your legs (from
your hip joint to the floor)

Date
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2. A ratio is a comparison of two numbers by division. Find each of the following ratios of
your body measurements (to the nearest tenth):

a head to navel total height c total height
" head length - " head length - " leg length -

3. Describe how your ratios in Question 2 compare to the ratios suggested by the drawing on
the previous page.

A golden rectangle is a rectangle with a ratio of length to width that is
about 1.62 to 1. Since ancient times, many people have believed that
the most pleasing rectangle to look at is a rectangle with a length and
width that are in that proportion.

4a. Measure the length and width of this rectangle
to the nearest millimeter. What is the ratio of

the rectangle’s length to width (to the nearest
hundredth)?

b. Is the rectangle golden?

5. Do you have a golden face? Use the measurement of the top of
your head to your chin from question 1a. Measure the width
of your head from cheek to cheek.

a. What is the ratio of the length of your head to its width?

b. Is your face “golden”? (Try drawing it in the above rectangle.)

6. Do you have a golden hand? Notice that your hand, when opened
with your fingers touching each other, forms a shape that suggests
a rectangle. Use the distance from the edge of your hand to the end
of your middle finger as the length, and use the distance across your
hand to your thumb as the width.

a. What is the ratio of your hand’s length to width?

b. Is your hand “golden”?
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EXTENSION

The golden section is the division of a line segment where the ratio of the length of the entire
line segment to the length of the longer section is about 1.62 to 1. Point P is at the golden
section of line segment AB below because the ratio of the entire length (8) to the length of the
longer section (5) is about 1.62 (8 + 5 = 1.6).

| 5 | 3 |
A p B

The classical sculptors frequently used the navel as the “golden cut” of the body. Is your navel
the “golden cut” of your body? Work with a partner to take some measurements—and find out.

a. Measure your total height.

Measure the distance from the floor to your navel.

c. Compute this ratio (to the nearest hundredth):

your total height

distance from the floor to your navel ~

d. Find the average (mean) ratio for the entire class
(to the nearest hundredth).

e. Would you say that the navel is at the “golden cut” for the average member of your class?
(To be golden, the average need not be “right on the button.”)

HISTORICAL NOTE

Leonardo da Vinci (1452-1519) extensively
studied the proportions of the human body.
Da Vinci’s drawings showed the navel at the
golden section of a human’s height. Da Vinci

also made the following observation: “If a
man stands upright with hands outstretched,
his height is equal to his breadth (length of
the square). If he stands with arms and legs
akimbo and his navel is the center, then his
extremities describe a circle.”

Da Vinci’s “Vitruvian Man”

DOEsS YOUR HEAD MEASURE UP?
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Name Date

USING MEASUREMENT TO
PUT LOTTERY PROBABILITIES
INTO PERSPECTIVE

Materials: globes or maps (optional) 0 \\\\{
“’l ="~

When someone says, “Youre more likely B
to be struck by lightning than you are to / NG

win a lottery,” most people are not shocked
or jolted. 1t’s not striking news that lottery
probabilities are very tiny.

Because lottery probabilities are so tiny, N i
they are outside of our everyday experience. ‘;‘w\\,‘—’A\
Yet some people spend a lot of money on :'-\"&\ e
lotteries. This activity lesson uses concepts \‘:‘\: — %
from measurement to help us visualize and ‘\:“ S
“put into perspective” probabilities from A
three different lotteries.
AN EXAMPLE: LINEAR REPRESENTATION OF
THE /LLINOIS LOTTO )ACKPOT

THE /LLINOIs LOTTO

The llinois Lotto uses 52 lottery balls
numbered from 1-52. With each $1 ticket,
players choose two combinations of six

PROBABILITY:
Think of placing 10,179,260 paper cups,

each 3 inches in diameter, in a straight line.

numbers each. At each drawing, a set of (a) How many miles long would that be?

six winning numbers is drawn. To win the (b) Between which two cities might this line
jackpot, a player needs to match all six of cups extend?

numbers. (Players do not have to match (c) How does this relate to your chances of

numbers in the order drawn.) winning the /llinois Lotto jackpot?

With a $1 ticket, the probability of matching
all six numbers is 1 in 10,179,260. To help
get a picture of what 1 chance in 10,179,260
might look like, let’s imagine how far
10,179,260 objects placed in a line might
stretch. Since this model, or representation,
involves using a “line,” we call the model a
linear representation.
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ANSWERS TO EXAMPLE ON THE /LLINOIS LOTTO:

(a) 10,179,260 cups, each 3 inches in diameter, would extend 3 x 10,179,260, or
30,537,780 inches. Converting this to feet gives us 30,537,780 + 12, or 2,544,815 feet.
Dividing this result by 5,280 yields about 482 miles.

(b) This is the approximate distance between Chicago and Memphis!

(c) Suppose someone randomly places a pea under one of those cups—and you are given
ONE chance to select the cup with the pea. Your chance of selecting that cup is the same
as your chance of winning the Lo#to jackpot on a $1 play.

QUESTIONS

POWERBALL
Powerball is a lottery played in 42 states, Washington, D.C., and the U.S. Virgin Islands.

For a $1 ticket, a player selects numbers from two sets of numbers. The player selects five
whole numbers from 1-59, and one whole number, the Powerball, from 1-39. To win the
jackpot, a player must match all six numbers. For a $1 ticket, the probability of winning the
Powerball jackpot is 1 in 195,249,054.

la. How many miles long would a line of 195,249,054 paper cups,
each 3 inches in diameter, extend?

b. Use the mileage tables included with this activity lesson, or another source, to map out a
distance to represent the line of cups. Record your “itinerary” with mileage distances—
going from one connecting city to the next—in the space below. Try to get as close
as possible (above or below) to the number of miles in question 1a. If a globe or map
is available, you may want to locate the cities in your “itinerary” to get a feel for the
distances involved.

LOTTERY PROBABILITIES
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MEGA MILLIONS

Mega Millions is a lottery that is played in California, Georgia, Illinois, Maryland,
Massachusetts, Michigan, New Jersey, New York, Ohio, Texas, Virginia, and Washington.

For a $1 ticket, a player selects numbers from two sets of numbers. The player selects five
whole numbers from 1-56, and one whole number, the Mega Ball, from 1-46. A player needs
to match all six numbers to win the jackpot. For a $1 ticket, the probability of winning the
Mega Millions jackpot is 1 in 175,711,5306.

2a. How many miles long would a line of 175,711,536 paper cups,
each 3 inches in diameter, extend?

b. Use mileage tables to map out a distance to represent the line of cups. Record your
“itinerary” with mileage distances—going from one connecting city to the next—in the
space below. Try to get as close as possible (above or below) to the number of miles in
question 2a.

c. Select a city in the United States other than your own. How many
round trips between your home city (or a city near you) and the
selected city would you need to make in order to cover the number
of miles determined in question 2a? Round to the nearest tenth.

3. From time-to-time, the jackpot for Powerball or Mega Millions grows to be in the hundreds
of millions of dollars. In order to participate in an out-of-state lottery, some people drive
from one state to another. (For example, a person living in Indiana may drive to Illinois
to buy a ticket for Mega Millions.) In your opinion, is it worth “going to great lengths” to
buy a lottery ticket? Explain.

52 LOTTERY PROBABILITIES
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Air Distances between U.S. Cities in Statute Miles

Cities Birmingham | Boston | Buffalo | Chicago | Cleveland Dallas | Denver
Birmingham, Ala. — 1,052 776 578 618 581 1,095
Boston, Mass. 1,052 — 400 851 551 1,551 1,769
Buffalo, N.Y. 776 400 — 454 173 1,198 1,370
Chicago, Ill. 578 851 454 — 308 803 920
Cleveland, Ohio 618 551 173 308 — 1,025 1,227
Dallas, Tex. 581 1,551 1,198 803 1,025 — 663
Denver, Colo. 1,095 1,769 1,370 920 1,227 663 —
Detroit, Mich. 641 613 216 238 90 999 1,156
El Paso, Tex. 1,152 2,072 1,692 1,252 1,525 572 557
Houston, Tex. 567 1,605 1,286 940 1,114 225 879
Indianapolis, Ind. 433 807 435 165 263 763 1,000
Kansas City, Mo. 579 1,251 861 414 700 451 558
Los Angeles, Calif. 1,802 2,596 2,198 1,745 2,049 1,240 831
Louisville, Ky. 331 826 483 269 311 726 1,038
Memphis, Tenn. 217 1,137 803 482 630 420 879
Miami, Fla. 665 1,255 1,181 1,188 1,087 1,111 1,726
Minneapolis, Minn. 862 1,123 731 355 630 862 700
New Orleans, La. 312 1,359 1,086 833 924 443 1,082
New York, N.Y. 864 188 292 713 405 1,374 1,631
Omaha, Nebr. 732 1,282 883 432 739 586 488
Philadelphia, Pa. 783 271 279 666 360 1,299 1,579
Phoenix, Ariz. 1,456 2,300 1,906 1,453 1,749 887 586
Pittsburgh, Pa. 608 483 178 410 115 1,070 1,320
St. Louis, Mo. 400 1,038 662 262 492 547 796
Salt Lake City, Utah 1,466 2,099 1,699 1,260 1,568 999 371
San Francisco, Calif. 2,013 2,699 2,300 1,858 2,166 1,483 949
Seattle, Wash. 2,082 2,493 2,117 1,737 2,026 1,681 1,021
Washington, D.C. 661 393 292 597 306 1,185 1,494

Source: From infoplease. Available at http://www.infoplease.com/ipa/A0004594.html. Used with permission. Additional mileage tables
for distances between U.S. cities are available at the above Web site.
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Air Distances between U.S. Cities in Statute Miles

Cities Detroit | El Paso | Houston | Indianapolis | Kansas City |LosAngeles|Louisville
Birmingham, Ala. 641 1,152 567 433 579 1,802 331
Boston, Mass. 613 2,072 1,605 807 1,251 2,596 826
Buffalo, N.Y. 216 1,692 1,286 435 861 2,198 483
Chicago, lll. 238 1,252 940 165 414 1,745 269
Cleveland, Ohio 90 1,525 1,114 263 700 2,049 311
Dallas, Tex. 999 572 225 763 451 1,240 726
Denver, Colo. 1,156 557 879 1,000 558 831 1,038
Detroit, Mich. — 1,479 1,105 240 645 1,983 316
El Paso, Tex. 1,479 — 676 1,264 839 701 1,254
Houston, Tex. 1,105 676 — 865 644 1,374 803
Indianapolis, Ind. 240 1,264 865 — 453 1,809 107
Kansas City, Mo. 645 839 644 453 — 1,356 480
Los Angeles, Calif. 1,983 701 1,374 1,809 1,356 — 1,829
Louisville, Ky. 316 1,254 803 107 480 1,829 —
Memphis, Tenn. 623 976 484 384 369 1,603 320
Miami, Fla. 1,152 1,643 968 1,024 1,241 2,339 919
Minneapolis, Minn. 543 1,157 1,056 511 413 1,524 605
New Orleans, La. 939 983 318 712 680 1,673 623
New York, N.Y. 482 1,905 1,420 646 1,097 2,451 652
Omaha, Nebr. 669 878 794 525 166 1,315 580
Philadelphia, Pa. 443 1,836 1,341 585 1,038 2,394 582
Phoenix, Ariz. 1,690 346 1,017 1,499 1,049 357 1,508
Pittsburgh, Pa. 205 1,590 1,137 330 781 2,136 344
St. Louis, Mo. 455 1,034 679 231 238 1,589 242
Salt Lake City, Utah 1,492 689 1,200 1,356 925 579 1,402
San Francisco, Calif. 2,091 995 1,645 1,949 1,506 347 1,986
Seattle, Wash. 1,938 1,376 1,891 1,872 1,506 959 1,943
Washington, D.C. 396 1,728 1,220 494 945 2,300 476

Source: From infoplease. Available at http://www.infoplease.com/ipa/A0004594.html. Used with permission. Additional mileage tables
for distances between U.S. cities are available at the above Web site.
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Air Distances between World Cities in Statute Miles

Cities Berlin Buenos Aires | Cairo | Calcutta | CapeTown | Caracas | Chicago
Berlin — 7,402 1,795 4,368 5,981 5,247 4,405
Buenos Aires 7,402 — | 7,345 10,265 4,269 3,168 5,598
Cairo 1,795 7,345 — 3,539 4,500 6,338 6,129
Calcutta 4,368 10,265 | 3,539 — 6,024 9,605 7,980
Cape Town 5,981 4,269 | 4,500 6,024 — 6,365 8,494
Caracas 5,247 3,168 | 6,338 9,605 6,365 — 2,501
Chicago 4,405 5,598 | 6,129 7,980 8,494 2,501 —
Hong Kong 5,440 11,472 | 5,061 1,648 7,375 10,167 7,793
Honolulu 7,309 7,561 8,838 7,047 11,534 6,013 4,250
Istanbul 1,078 7,611 768 3,638 5,154 6,048 5,477
Lisbon 1,436 5,956 | 2,363 5,638 5,325 4,041 3,990
London 579 6,916 | 2,181 4,947 6,012 4,660 3,950
Los Angeles 5,724 6,170 | 7,520 8,090 9,992 3,632 1,745
Manila 6,132 11,051 5,704 2,203 7,486 10,620 8,143
Mexico City 6,047 4,592 7,688 9,492 8,517 2,232 1,691
Montreal 3,729 5,615 5414 7,607 7,931 2,449 744
Moscow 1,004 8,376 | 1,803 3,321 6,300 6,173 4,974
New York 3,965 5,297 | 5,602 7,918 7,764 2,132 713
Paris 545 6,870 | 1,995 4,883 5,807 4,736 4,134
Rio de Janeiro 6,220 1,200 | 6,146 9,377 3,773 2,810 5,296
Rome 734 6,929 | 1,320 4,482 5,249 5,196 4,808
San Francisco 5,661 6,467 | 7,364 7,814 10,247 3,904 1,858
Shanghai 5,218 12,201 5,183 2,117 8,061 9,501 7,061
Stockholm 504 7,808 | 2,111 4,195 6,444 5,420 4,278
Sydney 10,006 7,330 | 8,952 5,685 6,843 9,513 9,272
Tokyo 5,540 11,408 | 5,935 3,194 9,156 8,799 6,299
Warsaw 320 7,662 1,630 4,048 5,958 5517 4,667
Washington, D.C. 4,169 5,218 | 5,800 8,084 7,901 2,059 597

Source: From infoplease. Available at http://www.infoplease.com/ipa/A0759496.html. Used with permission. Additional mileage tables
for distances between world cities are available at the above Web site.
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Air Distances between World Cities in Statute Miles

Cities Hong Kong | Honolulu | Istanbul | Lisbon | London | Los Angeles | Manila
Berlin 5,440 7,309 1,078 1,436 579 5,724 6,132
Buenos Aires 11,472 7,561 7,611 5,956 6,916 6,170 11,051
Cairo 5,061 8,838 768 2,363 2,181 7,520 5,704
Calcutta 1,648 7,047 3,638 5,638 4,947 8,090 2,203
Cape Town 7,375 11,534 5,154 5,325 6,012 9,992 7,486
Caracas 10,167 6,013 6,048 4,041 4,660 3,632 10,620
Chicago 7,793 4,250 5,477 3,990 3,950 1,745 8,143
Hong Kong — 5,549 4,984 6,853 5,982 7,195 693
Honolulu 5,549 — 8,109 7,820 7,228 2,574 5,299
Istanbul 4,984 8,109 — 2,012 1,552 6,783 5,664
Lisbon 6,853 7,820 2,012 — 985 5,621 7,546
London 5,982 7,228 1,552 985 — 5,382 6,672
Los Angeles 7,195 2,574 6,783 5,621 5,382 — 7,261
Manila 693 5,299 5,664 7,546 6,672 7,261 —
Mexico City 8,782 3,779 7,110 5,390 5,550 1,589 8,835
Montreal 7,729 4910 4,789 3,246 3,282 2,427 8,186
Moscow 4,439 7,037 1,091 2,427 1,555 6,003 5,131
New York 8,054 4,964 4,975 3,364 3,458 2,451 8,498
Paris 5,985 7,438 1,400 904 213 5,588 6,677
Rio de Janeiro 11,021 8,285 6,389 4,796 5,766 6,331 11,259
Rome 5,768 8,022 843 1,161 887 6,732 6,457
San Francisco 6,897 2,393 6,703 5,666 5,357 347 6,967
Shanghai 764 4,941 4,962 6,654 5,715 6,438 1,150
Stockholm 5113 6,862 1,348 1,856 890 5,454 5,797
Sydney 4,584 4,943 9,294 11,302 10,564 7,530 3,944
Tokyo 1,794 3,853 5,560 6,915 5,940 5,433 1,866
Warsaw 5,144 7,355 863 1,715 899 5,922 5,837
Washington, D.C. 8,147 4,519 5,215 3,562 3,663 2,300 8,562

Source: From infoplease. Available at http://www.infoplease.com/ipa/A0759496.html. Used with permission. Additional mileage tables
for distances between world cities are available at the above Web site.
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Name Date

DISCOVERING A FORMULA FOR
THE AREA OF A CIRCLE '

1. Estimate the area of the circle at right by counting

L —~
squares and partial squares. The circle has a radius e ™
of 5 units.

Estimated Area of Circle = //
2. Find the area of the entire 10-by-10 grid at right.
Area of Entire Grid = \
\\ B 7

3. Find the area of the tilted square that is inside the

ANA

circle at right. To do so, find the area of each of
the two large triangles, and then add the areas.

Recall that to find the area of a triangle, multiply /
the base by the height, and divide by 2. (The

A
[ i S A
o

formulais A = % b e h.) Each large triangle has a

Y,

base of 10 units and a height of 5 units.

Area of Tilted Square \

Inside Circle =
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Recall the story “Goldilocks and the Three Bears.” An important lesson in the story is that if

something is “too big” or “too small,” then “just right” is somewhere in between. We will use

this line of thinking to help us discover a formula to calculate the area of a circle.

Consider the following data:

Too Big Area of Entire Grid 100 square units
Just Right Area of Circle
Too Small Area of Tilted Square Inside Circle 50 square units

4. To help us discover a formula for the area of a
circle, look for a pattern in the data. Recall that
a radius of the circle is 5 units. Try to rewrite the
numbers in the above table by using the number
5 as a factor (because it would be nice to have the
radius be part of the formula).

Notice below that we can rewrite 100 as 4 x 5 x 5,
and we can rewrite 50 as 2 x 5 x 5. Look at the
table below. What factor do you think we should
use to complete the “Just Right” row? Record the
factor in the table, and write the product.

[

Too Big Area of Entire Grid 4 x 5 x 5 = 100 square units
Just Right Area of Circle x5x5= square units
Too Small Area of Tilted Square Inside Circle 2 x 5 x 5 = 50 square units

5. Compare the area you calculated in the “Just Right” row above

to your Estimated Area of the Circle in question #1.

Is your calculated area above close to the Estimated Area?

So, it appears that 3 x 5 x 5 provides a good estimate for the area of the circle.

Since 5 is a radius of the circle, we could write a formula (general rule) for the area

of a circle as follows: Area = 3 x radius x radius. This can be shortened to A = 3 x r x r.

Let’s test our formula with another circle.
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6. 'The circle at the right has a radius of 4 units. [ — ~

Estimate the area of the circle by counting // \\
squares and partial squares. Then use your / A
formula to calculate the area. / \

a. Estimated Area:

b. Calculated Area:

c. Is your Calculated Area close \\ /
to the Estimated Area? AN /

N L~

7. In each of questions 4 and 6, was your Calculated Area greater than or was it less than the
Estimated Area? How might you adjust the formula so that it produces a result that is
closer to the Estimated Area?

There is a number that is slightly greater than 3 that is used in the formula for the area of
a circle. The number is 3.1415916 . . . This number, named =, is a decimal that does not
end and its decimal expansion does not repeat. You may recall that « is the ratio of the
circumference to the diameter of any circle. For convenience, we generally use 3.14 for
this number.

8. Use the formula A = 3.14 x r x r to find the area
of each of these circles:

a. circle with a radius of 5 units
b. circle with a radius of 4 units

c. Compare the areas in questions 8a and 8b to your Estimated Areas for those circles. Based
on your results, does A = 3.14 x 7 x 7 provide a good formula for finding the area of a
circle? Explain.

DISCOVERING A FORMULA FOR THE AREA OF A CIRCLE
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Name Date

IS PYTHAGORAS IN THE AREA?

Materials: scissors; metric ruler

In a right triangle, the two sides that meet
to form a right angle are called the /legs. The
side opposite the right angle is called the
hypotenuse. Usually the variables # and &
are used to represent the legs, and ¢ is used
to represent the hypotenuse. Often in the
real world, we know the lengths of the two
legs, but we need to find the length of the
hypotenuse (such as finding the distance

across a lake, as illustrated at the right).

In this activity lesson, you will . . .

m  place four right triangles around a
square, as shown at the right, to form
a large square,

m  find the areas of the right triangles and
of the two squares (the large one and the
tilted one),

m repeat the procedure for two more sets of
data, and

m  use the data to find a pattern that will
help you discover a formula for finding
the length of a hypotenuse when given the
values of the two legs of a right triangle.

Cut out the four right triangles with legs 3 units and 4 units from page 63. Then put them
around Square I on page 65 as shown above.

la. What is the area of each of the triangles?

Recall that the formula for the area of a triangle is % beh.

b. What is the combined area of all four triangles?

2a. What is the length of each side of the large square?
(The large square is composed of the tilted square and four triangles.)

b. What is the area of the large square?
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3. Find the area of the tilted square (Square I).
Hint: Subtract your answer for question 1b from your answer
for question 2b.

4. Find the length of side c. (This is a side of Square I and also the
hypotenuse of any of the right triangles.)
Hint: Since the formula for the area of a square is A = &, we can find
the length of a side by taking the square root of the square’s area.

5. Complete the first row of the table below for Square I.

Lengthof | Lengthof | Lengthof | Compute |(Awotedsauore
lega legb side ¢ a’+ b? c?
Data for
Square |
Data for
Squarelll
Data for
Square lll

6. Now cut out the four right triangles with legs 4 units and 5 units from page 63.
Place them around Square II on page 65.

a. What is the area of each of the triangles?

b. What is the combined area of all four triangles?

c. What is the length of each side of the large square?

d. What is the area of the large square?

e. Find the area of the tilted square (Square II).

f. Find the length of side ¢ to the nearest tenth of a unit.

7. Complete the second row of the table above for Square II.

8. Now cut out the triangle with legs 6 units and 8 units from page 63. Use it to trace four
triangles around Square III on page 65 to help you complete the third row of the table.

Is PYTHAGORAS IN THE AREA?
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9.

10.

11a.

Put on your detective hat and search for a pattern in
the table. In each row, what do you notice about the
values in the final two columns?

Use the pattern you discovered in question 9 to develop a method for finding the
hypotenuse of a right triangle when given the lengths of the two legs.

Let’s test your method. Use a metric ruler to draw a right triangle on the grid paper
located at the bottom right-hand corner on page 63. Measure the two legs to the nearest
millimeter (tenth of a centimeter). Do not measure the hypotenuse.

a= ___ b= _
Use your method from question 10 to determine ¢ to the
nearest millimeter (tenth of a centimeter). c=
Now use your metric ruler to measure ¢ to the nearest millimeter. c=

How do your computed results and measured results for side ¢ in
y p
questions 11b. and 11c. compare?

The pattern you discovered in question 9 is known as the Pythagorean Theorem. It was named

after the Greek philosopher and mathematician Pythagoras (who lived approximately

560 B.c.—480 B.C.) because he wrote extensively on the subject.
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Place these triangles around Square .

Place these triangles around Square II.

Trace this triangle around Square lll.
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EXTENSION

When all three sides of a right triangle are integers, those integers form what is known as a

Pythagorean triple. There are infinitely many Pythagorean triples. Use the following formula to

generate them:

Let 7 and m be any integers, where 7 > m. Define the integers as follows:

a=n—m
b=2nm
c=nm*+m

The three numbers 4, 4, and ¢ always form a Pythagorean triple.

Use the above formulas to find four sets of Pythagorean triples (that have not already been
used in this activity lesson). Then test them (with the rule you proposed in Question 9) to

verify that they are correct.
Pythagorean triple:
Pythagorean triple:
Pythagorean triple:

Pythagorean triple:
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Name Date

WHEN WILL SCRUFFY
BE AS OLD AS JOEY?

Many dog owners enjoy a special relationship with their
four-legged friends. But because dogs age about 7 times as
fast as humans (or so it is assumed), this relationship often
ends all too soon. At some point in time, the dog will
become “older” than its owner. We're going to explore a
problem that many dog owners have often pondered.

THE PROBLEM:
When Scruffy was born, Joey was 21 years old. For every year Joey ages, Scruffy ages 7 years.

a. In how many years will Scruffy be as exactly as old as Joey?
b. How old will each be when that happens (in human years)?

THREE SOLUTION METHODS:

We're going to solve this problem using three different solution methods:

I. Make a table,
II. Make a graph, and
III. Write and solve an equation.

l. MAKE A TABLE

Complete this table to see when Joey and Scruffy will have the same age.
The first row in the table shows Joey’s age when Scruffy was born.

Determining When Scruffy Will Be as Old as Joey

Year Joey’s Age Scruffy’s Age
0 21 0
1 22 7
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I11. WRITE AND SOLVE AN EQUATION
Write an equation to describe the situation.

Hints: Let x = the number of years it will take for Scruffy to be as old as Joey.
So Joey will be 21 + x when he and Scrufly are the same age.

EXTENSION

Use any method to solve this problem.

Ben was born on Jan. 31, 1988. Scrufty was born on Feb. 12, 2006. For every year Ben ages,
Scrufty ages 7 years. On what date will Scrufty be as old as Ben?

Hint: You may want to convert years to days.

WHEN WILL SCRUFFY BE As OLD AS JOEY?
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Name

Date

MAKE NO BONEs ABOUT IT

Materials: centimeter tape measure

Forensic science is the study of science as it
applies to criminal and civil investigations.
When the bones of a victim are discovered

at a crime scene, investigators need to
determine the victim’s identity. One way to
help identify the victim is to use the bones to
estimate the victim’s height when he or she
was living. Generally, the longest bones in
the body are the best ones to use.

The formulas provided in the table below
can be used to estimate the height (H) of
a victim based on the lengths of the femur
(f), tibia (2), humerus (%), or radius (7). All

measurements are given in centimeters.

Radius {— Vertebrae

Carpals
Metacarpals
Phalanges

= Tarsals
R Metatarsals

Males

Females

H=69.089 +2.238f
H=281.688 +2.392-t
H=73.570+2970-h
H=280.405+3.650 - r

H=61412+2317f
H=72572+2533t
H=64977 +3.144 - h
H=73.502+3.876-r

If the age of the victim is known, an
additional calculation needs to be made.

In general, after the age of 30, a person’s
height decreases at the rate of about 0.06 cm
per year. So, for a 45-year-old person, if the
above formula suggests that he or she is

154.5 cm tall, you would have to subtract

15 years’ worth of “shrinkage.” This would
amount to 15 x 0.06, or 0.9 cm. The bones
would suggest that the person currently is
154.5 - 0.9, or 153.6 cm tall. (Note that
although the person shrinks, the bones do not.)

72

From Mathematics Explorations © Good Year Books. www.goodyearbooks.com



From Mathematics Explorations © Good Year Books. www.goodyearbooks.com

A FORENSIC INVESTIGATION

As a result of a tragic plane crash, the remains of five
unidentified victims are recovered at the crash site.
However, eight people who were on the plane are
reported missing. Your task, as a forensics investigator,
is to do a preliminary matching of each victim’s bones
to the identity of a missing person. Note that such

a matching will only suggest that the bones could be
those of the missing person.

QUESTIONS

1. Draw a line to match each victim found at the crash site with a reported missing person.

Three missing people will not be matched. (When you match victims to missing people,

be sure to take the ages of the missing people into account.)

Victim Found at Crash Site
(Includes sex of victim found at crash site
and length of one of the bones)

Reported Missing Person

(Includes sex, approximate current height,

and current age of missing person)

length of humerus: 32.8 cm

length of femur: 40.1 cm

length of femur: 46.5 cm

length of radius: 26.5 cm

a. Victim A (female) Missing Person S
female, 183 cm tall, 24 years old

b. Victim B (male) Missing Person T
length of tibia: 43.5 cm female, 168 cm tall, 19 years old
¢. Victim C (female) Missing Person U

male, 177 cm, 25 years old

d. Victim D (male) Missing Person V
female, 153 cm tall, 55 years old

e. Victim E (female) Missing Person W
male, 171 cm, 70 years old

Missing Person X
female, 176 cm, 20 years old

Missing Person Y
female, 155 cm, 55 years old

Missing Person Z
male, 186 cm, 28 years old

MAKE NO BONES ABOUT IT
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2. Use a centimeter tape measure to measure your height to the nearest millimeter. Then use
the appropriate formula on page 72 and solve for £, # A, or r to estimate the length of each
of these bones in your body to the nearest tenth of a centimeter.

a. femur b. tibia
c. humerus d.radius __
EXTENSION

STOPPING DISTANCE OF A CAR—SOMETHING YOU AUTO KNOW!

Al Lert is traveling in his car at 55 mi/h. All of a sudden he sees an accident ahead of him—
so he slams on his brakes. Al is an alert driver, and the road is dry and clear. Still, how far do
you think his car traveled from the time he spotted the accident to the time the car skidded
to a hale?

The formula below can be used to find the Total Stopping Distance of a car in dry, clear
conditions. The stopping distances are much greater in wet, unclear conditions. Trucks require
much more stopping distance. Investigators can measure the skid marks left by a car and use a
formula such as this to estimate the car’s speed. In the formula, s = speed in mi/h.

Perception plus Braking (skidding) Total Stopping
Reaction Distance (in ft) Distance (in ft) Distance (in ft)

22 s + 0.05 « 52 = D

1. Use the formula to compute the Total Stopping Distance for each speed.

a.55mi/h b.20mi/h c. 80 mi/h _
(For reference, the length of a football field from goal line to goal line is 300 ft.)

2a. About how many times as great is the total stopping distance
of a car traveling at 80 mi/h than a car traveling at 20 mi/h?

b. How would you describe the relationship between the speed of a car and how long it takes
for it to stop?

MAKE NO BONESs ABOUT IT
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Name Date

ALGEBRA DISCOVERY LESSON 1:
USING AN AREA MODEL TO SQUARE A BINOMIAL

Materials: algebra tiles

In this activity lesson, you will work with rectangles for which some dimensions are not
known. The unknown dimensions are represented by the variable x. We call these rectangles
algebra tiles. Algebra tiles are concrete models for variables and integers that help us explore
concepts that are abstract in nature.

We shall be working with these three kinds of algebra tiles:

X 1 1
|
The area of this

tile is 1 times 1, or

2 simply 1. We call
x x x this the unit tile.

The area of this tile in square units is The area of this tile in
x times x, or x°. In these lessons, we square units is 1 times
will simply say that the area is x%. x, or simply x. We call
We call this the »* tile. this the x tile.

Carefully cut out the algebra tiles found at the end of Lesson 1.

We are going to use the tiles to help us discover a way to square a binomial. A binomial is an
algebraic expression consisting of two terms. An example of a binomial is x + 3. When you
multiply a binomial by itself, as in (x + 3)(x + 3), or (x + 3)%, you are squaring the binomial.
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QUESTIONS

1. In this question, the goal is simply to become familiar with the tiles.
Use exactly one x” tile, up to 10 x tiles, and up to 25 unit tiles.
See how many “large” squares (larger than the »? tile) you can
make. Each “large” square must include one x? tile with the other
tiles positioned along two sides of the x* tile as shown at right.

We were able to make __ large squares. 1

2. Use your tiles to make the large square at the right.
You used

1— 2 tile,
2—x tiles, and
1— unit tile.

Thus, the total area of the large square is x* + 2x + 1.

The area of a square is given by s ® 5 = s*. Since the dimensions of the large square are x + 1 by
x + 1, we can express the area of that square as (x + 1)(x + 1) = (x+ 1)~

Thus, + + = (x+ 1)

3. Use tiles to make the large square at the right. X 1 1

Complete to show what tiles are used:
X tile

_ xtiles
X

unit tiles

Thus, the total area of the large square is

+ +

What are the dimensions of the large square?

by
Use the above dimensions to express the area of the square:
( + ) + )= (x+2)%

Thus, + = (x+2)%

-+
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What tiles are used in this square?
x* tile

x tiles

unit tiles

Thus, the total area of the large square is

+ +

What are the dimensions of the large square?

by

Use the above dimensions to express the area of the square:

( + ) + )= (x+3)"
Thus, + + = (x+3)%

Make a large square with dimensions x + 4 by x + 4.
Complete to show what tiles are used:

X2 tile

x tiles

unit tiles

Thus, the total area of the large square is

+ +

Thus, + + = ( o+ )

Use your results from Questions 2—5 to complete this table:

“Squared” Form Total Area
(x+ 1) x?+ +
( + ) X’ +4x+4
( + ) x> +6x+9
(x + 4)? +

ALGEBRA DISCOVERY LESSON 1
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7. Closely study the results in the table with question 6 for
multiplying a binomial by itself (known as squaring a
binomial). Put on your detective hat and see if you can
discover a pattern for squaring a binomial (going from

the “Squared” Form to the Total Area).

Describe your pattern in the space below.

8. Test your pattern with each of these arithmetic examples. In each case, the sum of the
Partial products determined by your pattern should equal the Square of the sum.

a. Partial products: (5 +7)* =25 + 70 + -

Square of the sum: (12)* =

b. Partial products: (20 + 5)* = + + =

Square of the sum: (25)* =

9. Now try to complete the rest of the table, below, without using the tiles.

“Squared” Form Total Area
a. (x+5)? + +
b. (x+6)2 + "
¢ (x+7) + +
d. (x+a)? + n
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ALGEBRA TILES

Cut out the tiles on the following two pages for use in the Algebra Discovery Lessons.

X2 TILES

x2

x2

x2

x2

x2

ALGEBRA DISCOVERY LESSON 1
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ALGEBRA TILES (CONT)

X TILES

UNIT TILES

1

1

1

1

1

1

1

1

1

ALGEBRA DISCOVERY LESSON 1
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Name Date

ALGEBRA DISCOVERY LESSON 2:
USING ALGEBRA TILES TO MULTIPLY BINOMIALS

Materials: algebra tiles

In the previous lesson, we discovered a pattern for multiplying binomials of the form (x + @)
and (x + ). In this lesson we will discover how to find the product of a7y two binomials of
the form (ax + b) and (cx + d), where a, b, ¢, and 4 are whole numbers.

QUESTIONS

1. 'The area of the large rectangle at right can be found
by finding the product of what two binomials?

C + JC + ) X X

Find the area of each smaller rectangle, and write the

area inside the rectangle as shown below.

Since 2 x? tiles are used, the area for that
portion is 2x%.

Since 7 x tiles are used, the area for that

portion is

Since the area of the large rectangle is the sum of the
areas of the smaller rectangles, (2x + 1)(x + 3) =

+ +

2. 'The area of the large rectangle at right can be found
by finding the product of what two binomials?

C + ) + )

Thus, Bx + 2)(x + 3) =

+ +
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3. Find the following products. You may use your tiles to help you. Be sure to combine like

terms (combine all x? tiles together, combine all x tiles together, and combine all unit tiles

together).
a. Bx+1)(2x+06) = + +
b. 2x+3)2x+7) = + +

4. 'The area of the large rectangle is found by
finding the sum of the areas of each of the
smaller rectangles. Thus, the area of the large
rectangle is equal to

ac + ad + +
Thus, (2 + b)(c + d) =

+ + +

o—c—c

ac

ad

bc

bd

5. Study the above example to discover a pattern for

multiplying two binomials. Then complete this statement:

To find the product of two binomials, each term of the first binomial is

by each term of the second binomial.

The figure at the right should help you
remember to multiply each term of the
first binomial by each term of the second
binomial. The method shown by the
drawing is known as the FOIL method.
(By drawing in a mouth, the figure looks
like a head—thus giving us a “round-about
connection” between math and art.)

According to the FOIL method, to multiply
two binomials, multiply the . . .

First terms (2 and ¢), the
Outer terms (2 and 4), the

Inner terms (4 and ¢), and the

Last terms (6 and 4).

(o " \O)(C = d)

N

Mr. Kent B. Foiled
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6. Find each product. Be sure to combine like terms.

a. (x +3)(x +5) =

b. Bx +2)(x +7) =

c. 2x +4)(Bx+5)=

d. 2z + 3b)(4c + 6d) =

7. Let’s use the algebraic pattern we just discovered to help us do the following arithmetic
multiplication problem: 37 x 26.

First rewrite 37 x 26 as a product of two binomials, using the largest possible multiple
of 10 in each term: (30 + 7) (20 + 6).

Then multiply the binomials, using the FOIL method: (30 + 7) (20 + 6) =

600 + + + =
Examine the partial products in a standard
leiplicati . . 37
multiplication algorithm shown at the right.
x 26
How do the partial products in the algorithm 42 <« G6x7
at the right compare to the partial products 180 < 6 x 30
obtained by using the FOIL method?
140 <« 20x7
600 <= 20 x 30
962

8. Use the FOIL method to find this product: 46 x 85.
46x85=( + ) + )=

ALGEBRA DISCOVERY LESSON 2
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ALGEBRA DISCOVERY LESSON 3:
USING ALGEBRA TILES TO FACTOR TRINOMIALS

Materials: algebra tiles

When you multiply two numbers (say, 2 and 39), the result is a single number (78).
Factoring a number is the reverse process. Here we begin with a number (78) and write it
as a product of two or more numbers. We could factor 78 as 2 x 39.

A trinomial is a polynomial with three terms. An example of a trinomial is x* + 8x + 15.
We have learned that (x + 3)(x + 5) = x* + 8x + 15.

m  Thus we can multiply (x + 3) and (x + 5) to obtain x* + 8x + 15.

Factoring is the reverse process. Factoring a polynomial is the process of expressing the
polynomial as a product of two or more expressions.

B When we express x> + 8x + 15 as (x + 3)(x + 5), we have factored x* + 8x + 15.

Factoring trinomials is not easy. Often we use trial-and-error to help us find the factors.

Algebra tiles can make our work easier. Since Algebra tiles show area relationships, the length

and width of a “large” rectangle can sometimes give us the desired factors.

QUESTIONS

1. Use tiles to make the large rectangle at the right.
Complete to show what tiles are used:

The total area of the large rectangle is X

+ +

What are the dimensions of the large rectangle?

by

The area of the large rectangle (in this case it is a special rectangle—namely a square)
may thus be expressed as (x + 1)(x + 1). Thus, x* + 2x + 1 = (x+ 1)(x + 1).

We say that (x + 1)(x + 1), or (x + 1)? is the factored form for x* + 2x + 1.
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Use tiles to make this large rectangle:
The total area of the large rectangle is

+ +

What are the dimensions of the large rectangle?

by

Thus, x> +4x+4 = (x+2)(x + 2).

We say that (x + 2)? is the factored form for

+ +

Use the following blocks to make a large rectangle:
1 — x?dile,

3 — x tiles, and

2 — unit tiles.

Give the dimensions of the large rectangle you made:

Thus, + + =( + X

(x + 2)(x + 1) is the factored form for +

Factor the following trinomial: x* + 5x + 6.
Hint: Form a large rectangle with these tiles:
1 — x?tile,

5 — x tiles, and

6 — unit tiles.

Give the dimensions of the large rectangle you made:

Thus, ( + )( + ) is the factored form for x? + 5x + 6.

Factor the following trinomial: x* + 5x + 4.
Give the dimensions of the large rectangle you made:

by

Thus, ( + )( + ) isthe factored form for x? + 5x + 4.

For each of the following trinomials, use tiles to make a large rectangle.

Then give the factored form.
x*+6x+8 =

a.
b. x>?+6x+5 =

c. x*+7x+10 =
d. x*+7x+6 =
e. x*+7x+12 =
f. x*+8x+7 =
g. x*+8x+12 =

ALGEBRA DISCOVERY LESSON 3
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7. Record your results from questions 1-6 in the table below.

Trinomial

Factored Form

a. X2+ 2x+1

b. x*+4x+4

C. X?*+3x+2

x +3)x +2)

x+4x +1)

f. x?+6x+8

x +5x+1)

x +5)(x +2)

i. X2+7x+6

jo xX*+7x+12

k. x2+8x+7

. x24+8x+12

8. Study the above table carefully. Put on your detective hat and
see if you can discover a pattern for factoring a trinomial.

Describe your pattern in the space below.
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Name Date

DOING SUM EXPLORING
WITH MAGIC SQUARES

A magic square is square array of numbers where the sum of the
numbers in each row, column, and diagonal is the same. This

sum is called the magic sum. The earliest known magic square was
recorded around 2800 B.c. It consisted of symbols arranged in

a 3-by-3 array drawn on the back of a turtle. This magic square,
written with our familiar Hindu-Arabic numerals, is shown at right.

There are eight magic squares that can be formed using the whole
numbers 1-9. Beginning with an original magic square, rotate
(turn) it 90° three times to create three more magic squares. You
can reflect (flip) various elements of the original to create four more
magic squares.

QUESTIONS

4 9 2
3 5 7
8 1 6

1. Follow the directions to create seven variations of the original magic square.

Rotate the original Rotate again Rotate again
Original square clockwise 90°. clockwise 90°. clockwise 90°.
4 9 2 4
3 5 7 9
8 1 6 2

Reflect the first and third Reflect the top and bottom  and the 6, 1, & 7 in the
columns of the original rows of the original over original over the diagonal

Reflect the 4, 3, & 9

over the middle column. the middle row. through 8, 5, & 2.

Reflect the 8, 3, & 1
and the 2, 9, & 7 in the
original over the diagonal

through 4, 5, & 6.
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4. 'The number 5 is in the center of the original square.

2. Suppose you draw a diagonal through 8, 5, & 2 in the original square and fold along the
diagonal. What symmetrical relationship would you see?

3. Suppose you draw a diagonal through 4, 5, & 6 in the original square and fold along the
diagonal. What symmetrical relationship would you see?

Find the (positive) difference of each of the other 1
numbers in the original square and 5. Record those

differences in their positions in the grid at the right. 5
What patterns do you notice?

5. Underline all answers inside the parentheses that apply:
5 is the (mean, median, mode) of the numbers 1, 2, 3, 4, 5, 6, 7, 8, 9.

6. Use patterns to 7. Make a magic
help you make square using the
a magic square whole numbers
with the whole 35-43.

numbers 3—11.

8a. What is the magic sum in #6? b.in#72

c. How does the magic sum in #6 compare to the one in #1?

d. How does the magic sum in #7 compare to the one in #1?

e. What could you do to each number in a magic square to create a new magic square that
has a different magic sum?

DOING SUM EXPLORING WITH MAGIC SQUARES 91




9a. Create your own 3 x 3 magic square that
has a different magic sum from any of the

others in this lesson.

b. What is the magic sum?

10. Complete this magic square.

25

30

29

EXTENSION

The diagram below shows a method for creating a 5 x 5 magic square using the numbers
1-25. Follow the arrows to discover a pattern.

Start

~|.

A S s 2

10 12|19 |21] 3

/12 419 &4 3 4> 10

11 | 18 | 25 2 9

!

Finish
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a.

Describe the pattern.

b. Test to see if the pattern helps you make a 3 x 3 magic square.

C.

Use the pattern in part a to help you create a 5 x 5 magic square
using the whole numbers 6-30.

What is the magic sum? _

DOING SUM EXPLORING WITH MAGIC SQUARES
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Name Date

THE MATHEMATICAL
TREASURE HUNT

by Jamie Spangler (eighth-grade student)

Materials: protractor

As you read this story, you will be asked to
solve a mathematical problem from time to

time. Please record your answers, as directed, 1

Wiy

There were only three houses in the vast Discovery Woods. The houses were non-
collinear, so they formed a triangle. The families living there were the Carings in the
east, the Midsts in the south, and the Wantmores in the west. The families were rather
different, so they rarely had contact with one another. However, on one fateful day all
of that changed.

in the Solution Box that immediately follows
Question 6.

Y/ f/4

It was a warm summer night, and everyone was asleep. Suddenly, a masked figure
approached the Carings'house and slipped a note in their door. The person then
disappeared into the darkness. The commotion awakened the Carings' daughter, Janet.
She ran downstairs to find the peculiar note. It said:

| know this fact will be to your pleasure,

Somewhere in the woods there's a buried treasure.

To help the search along, I will give clues,

That, with math skills, are simple to use.

The Carings"house I'll call point C,

Point M is what the Midsts"house will be.

| will refer to the Wantmores house as point W,

Now I'll tell you the purpose of the points so it won't trouble you.
The longest side is MW, | must say,

Now find the largest angle in any way.

1. Okay reader, it’s time to solve your first mathematical problem. Make a diagram of the
points, with the longest side being AW, Then use a protractor to see which angle has
the greatest measure. Write the letter of the vertex of that angle in the Solution Box for
Question 1.
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Janet was a kind person, so she showed this clue to her family as well as the other families
in Discovery Woods. Once they figured out this problem, they were quite content. Although
they didn't know what to make of this mystery, they knew they were on the right track.

The next day, Mr. Midst found this note taped to his tree:

This oak tree isn't your average tree,

It's an amazing factor tree, you see. /135\
We'll start with its age, 135, 15
Here's a tree to factor how long it has been alive. /\ /\

Find the missing digits, if you can,

But ask for the help of every clan.

2. It’s your turn again, reader. Figure out which letter below provides the correct answers for
<>, ¢, and Q in that order.
A:7,7,1 E: 14,3,3 I. 7,9,9 0: 93,3

Record the correct letter in the Solution Box for Question 2.

Mr. Midst phoned the other families for their assistance. They examined the clue and,
together, figured it out. They went home and waited for the next clue. They didn't have to
wait very long.

The next morning, Mrs. Wantmore heard a rustle outside her door. Assuming it was the
masked person, she rushed downstairs. She was too late. All that was left was a short clue.
It said:

This one is a logic clue,

Read on to figure out what to do.

Mr. Wantmore went away,

And his garden was wrecked that day.

Claudia claimed that Bob was to blame,

Bob said Jack ruined it while playing a game.
But Jack said that he had nothing to do with it.

Exactly one person lied, so who did it?

3. All right, reader, you know what to do. Figure out who destroyed the garden. Then write
the second letter of the child’s name in the Solution Box for Question 3.

Mrs. Wantmore did not want to share this information with the other families, but she
could not find the answer by herself. She decided to invite the other families to her house
to figure it out together. Once that was accomplished, the families went home, wondering
how the hunt would progress.

THE MATHEMATICAL TREASURE HUNT
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Late that night, the masked person put a letter in the Carings'door. Mr. Caring heard the
noise and ran downstairs to find this note:

To drive 114 miles, two hours is all | need,

What unit should | use to measure my speed?

4. Reader, think of the unit the person should use. Take the middle word of that unit and
write the letters in order in each box for Question 4 in the Solution Box.

Mr. Caring summoned the other families to his house and they proceeded to find the unit.
The Wantmores and Midsts departed, leaving the Carings to ponder when this mystery
would be solved.

The following day, the Midsts'youngest son, Daniel, heard footsteps. He bolted down the
stairs, expecting to see a note. Instead he found a few equations and the question, “Which
of these is true for the values given?”
2@e+7)=n-6 8+2+4+s)=12 28—-7a=14+t
fore=5n=23 fore=1,5s=2 fora=3,t=-7

5. Reader, it’s time for you to do some more solving. Figure out which of the above is a true
statement when the variables are replaced with the values given. Write the two variables in
alphabetical order in each space for Question 5 in the Solution Box.

Daniel informed his parents of the equations. His parents told the Carings and Wantmores
to come and help. The families came up with their solution and went home proud of all the
problems they had solved.

The next day, the Wantmores'daughter, Claudia, was awakened by a rustle outside. She
found a sheet of paper under her door. It said:

This will be the final clue,

Read carefully to find out what to do.

On any rectangular prism, there are four more than eight,
So find this answer quickly—before it is too late!

What are these?
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6. Well, reader, the clue is pretty clear. Find out what the masked figure is referring to. Write
the first letter of that word in the Solution Box for Question 6. The Solution Box should
now spell out something the three families have learned how to do. If it does, continue
reading the story. If it does not, please go back and check your work on the problems you

have done.
Solution Box
Letter
Question 1 2 3 4 4 4 5 5 6

The three families met at the Wantmores'house and eventually obtained the answer.
“What now?" questioned Mr. Wantmore."Don't we receive a reward for our labor?”
"Perhaps we'll find something tomorrow morning,” suggested Mrs. Caring, “but now my
family must go home. Goodbye!”

The Midsts and Wantmores waived good-bye and promised to search for a prize the next
day. However, none of the families in Discovery Woods heard a sound the next morning.
Each of the families searched their lawns, but found nothing. The families roamed further
and further into the woods. They finally reached the middle of the woods, where all three
families met to find a huge treasure chest. They worked as a group to pry it open. They
peeked inside to find ... a math book!

"All that work for nothing,” mused Mr. Midst. Then he noticed the following note attached to
the book:

Here is a book for everyone to use,
It will review math skills that people must not lose.
I'm sorry to say, the mystery now ends,

I hope you have all brushed up on math—and made new friends.

The three families sighed in unison with the exception of the Carings’son, George. George
was eyeing the math book in a curious manner."You know, that's pretty thick, even for a
math book,"he commented. George began leafing through the pages, and out of each one
fell a crisp $1,000 bill. The Wantmores, Midsts, and Carings screamed in unison. After they had
gotten over the initial shock, the families decided to split the money equally. The families
thought of all the things the masked person had given them: new friends, mathematics
skills, and hundreds of thousands of dollars. It was then that they noticed, on the last page
of the book, a final note from the generous person who had given them so much.

| tricked you again, didn't I?

THE MATHEMATICAL TREASURE HUNT
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DISCOVERING A RABBITLY
GROWING PATTERN

Materials: computer; spreadsheet software
(such as Excel)

One of the earliest European writers of
mathematics was Leonardo of Pisa (11752—
1240?), known today by the name Fibonacci
(son of Bonaccio). His masterpiece, Liber In the table on the following page, a different
abbaci, or Book of Calculation, was published
in 1202. The word abbaci comes from the
Latin abacus. Fibonacci gained much of his

letter designates each rabbit. The table shows
how many pairs there are at the beginning of

each month and the activity that takes place
knowledge in mathematics during his many during the month.

journeys throughout the Islamic world. m At the beginning of Month 1, there is

1 pair of rabbits: A & B. No rabbits are
born during this month since the rabbits

Through his work, Fibonacci introduced the
Hindu-Arabic numerals (0-9) and methods

of arithmetic into European culture.
are not more than 1 month old.

The most famous problem in Fibonacci’s m At the beginning of Month 2, there is
book is the “Rabbit Problem” (restated still 1 pair of rabbits: A & B. However,
below). It deals with how fast rabbits can during the month, Rabbits A & B give
breed under “ideal conditions.” birth to Rabbits C & D. (Rabbits listed
in bold type in the table are breeding
A pair of newly born rabbits (one male and during that month.)
one female) is placed in an area surrounded m At the begz'nm'ng of Month 3, there are
on all sides by a wall. We assume that rabbits 2 pairs of rabbits: A & B and C & D.
are able to mate after 1 month, and we During Month 3, Rabbits A and B give
assume that each month (beginning with birth to Rabbits E and F. Rabbits C and

Month 2 of a rabbit’s life) each pair of rabbits
gives birth to another pair (one male and
one female). How many pairs of rabbits will
there be at the beginning of Month 127

D do not give birth during this month
because they are only 1 month old.
(Rabbits listed in the third row of the
table do not breed during that month.)
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Month 1 Month 2 Month 3 Month 4 Month 5
Pairs of Rabbits at the Beginning of Each Month
1 pair 1 pair 2 pairs 3 pairs pairs
Activity During the Month
A B A B A B cCD A B D E F
N2 N v N

cD E F G H I

A B C D E F

QUESTIONS

1. Explain what is happening during Month 4.

2. How many pairs of rabbits are there at the beginning of Month 52
Complete the above table to show what happens during Month 5.

3. How many pairs of rabbits are there at the beginning of Month 6?
Complete the table below for Month 6.

Month 6

pairs at beginning of month

A B cCbD E F G H L)

4. Look at how the number of pairs of rabbits at the beginning of
each month grows. Put on your detective hat to find a pattern.
Describe your pattern below.

DISCOVERING A RABBITLY GROWING PATTERN
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5a. In the table below, use your pattern to extend the results to show how many rabbits there
are at the beginning of each of Months 7-12.

Month 7

Month 8

Month 9

Month 10

Month 11

Month 12

pairs

pairs

pairs

pairs

pairs

pairs

@) o ™

o,

. What is the solution to Fibonacci’s “Rabbit Problem”?

The sequence of numbers you have discovered, 1, 1, 2, 3, 5, 8, 13, 21 . . . is known as the
Fibonacci numbers. We're now going to examine a way to quickly list many more terms

of this infinite sequence. How quickly do you suppose you could name the 50th term of
this sequence? How about the 100th term? About how large a number do you suppose the
100th term is? One way to help us answer these questions is to use a computer spreadsheet.

Follow these instructions to create a spreadsheet to display the first 100 Fibonacci numbers.

. In cell A1, enter the words 7he First 100 Fibonacci Numbers.
. In cell A2, enter the word Zerm.
. In cell B2, enter the words Fibonacci Number.

. You may want to boldface each of the above entries. You may also want to center the word

Term in its cell and Fibonacci Number in its cell. To do that, highlight the cells and click
on B in the toolbar (for boldface) and click on the toolbar tool to center the text.

. In column A, we will list the Term numbers from 1-100. We could enter each of the whole

numbers 1-100 individually, but it’s much quicker using a formula. Enter 1 in cell A3 (to
denote term #1). In cell A4, enter =A3+1. This will add 1 to the value in cell A3 (1) and
place the sum (2) in cell A4 (to denote term #2). In cell A5, enter =A4+1. This will add 1
to the value in cell A4 (2) and place the sum (3) in cell A5 (to denote term #3).

We could keep on entering formulas, but this would amount to more work than simply
entering the numbers 1-100. Instead, we can use the Fill Down function to speed up

our work. Use your mouse to highlight cell A5. With your finger firmly pressing down

on the clicker, scroll down column A about 100 rows. You have now highlighted about
100 cells in column A. Then go to the Edit menu, select Fill, and then Down. Then release
the clicker.

What do you now have in the cells in column A?

(The Fill Down function progressively increases by 1, from cell to cell, any cell locations
identified in a formula. So, cell A6 will now contain the formula =A5+1, cell A7 will
contain =A6+1, and so on. If you click on any cell in column A, you can see the formula
contained in the cell by looking at window of the tool bar.)
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f.  We are now going to enter the Fibonacci numbers into column B. In cell B3, enter 1
(the first Fibonacci number). In cell B4, enter 1 (the second Fibonacci number). What is
the third Fibonacci number, and how is it obtained?

b

We could manually enter each Fibonacci number in column B, but that would be a lot of
work. Instead we should use a formula.

Explain how you can determine the formula for cell B5.

g. In cell B, enter =B3+B4. What formula should we enter in cell B62

As before, instead of manually entering a formula in each cell, we can use the Fill Down
function. Highlight cell B5, and fill down about 100 rows. Click on the cells in
column B and check the window in the toolbar to see how the formula evolves from

row to row.

h.  Slowly scroll down to the 100th Fibonacci number. Do you notice a change in the format
of the numbers? What do you call numbers written in this formart?

i. Since many of the numbers do not fit in column B, we can widen the column. Place your
cursor on the right-hand vertical bar of the B column header of the spreadsheet. While
pressing and holding the clicker, drag the vertical bar to the right to widen the column.

j. Asyou scroll down, notice that some of the numbers are still in scientific notation. To
change the format of the numbers, highlight the entire B column by clicking on the
cell B column header cell. Then go to Format menu, then Cells. When you release the
clicker, the Format Cells menu will appear. Click on “Number,” select “0 Decimal
places,” and check “Use 1000 Separator (,).” Then click OK. The Fibonacci numbers
should now all appear in standard notation (with commas).

k. What is the 50th Fibonacci number?

I.  What is the 100th Fibonacci number?

m. Closely examine your spreadsheet. Does it appear that the computer made “errors” in
calculating some of the Fibonacci numbers? Explain.
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EXTENSION

la. We are now going to discover a very special relationship among the Fibonacci numbers.
Divide each Fibonacci number listed below by its preceding Fibonacci number. Round
each result to the nearest hundredth.

Fibonacci Numbers

1 1 2 3 5 8 13 21 34 55
1 2 _ 3 5. 8 _
e 1 T 2 T 3  — 5  ———
13 21 34 55
g 13— 21— 34 ———

b. Examine the above ratios of consecutive Fibonacci numbers. What number do the
ratios appear to be approaching? Does this number have a special name?

b

2. Refer to the spreadsheet that you created. In column C, write a formula that will divide

each Fibonacci number by its preceding Fibonacci number, beginning with the second
Fibonacci number. What value does this ratio appear to be approaching? Give your answer

to the billionths place (9 decimal places).
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Name Date

UNCOVERING HUMOROUS
MATHEMATICAL BLUNDERS

According to a survey,
7 out of 4 Americans
have difficulty with
anything involving two
or more numbers.

The following mathematical blunders
actually took place in the real world. Some
are rather humorous in nature. The names % S
of the people and companies guilty of the
blunders have been omitted to “protect their
identities.”

1. Museum Docent: “These dinosaur bones are exactly 70,000,006 years old.”
Museum Visitor: “How do you know that they are exactly that old?”
Museum Docent: “Well, 6 years ago when I got this job, they told me they were
70,000,000 years old. So, 6 + 70,000,000 = 70,000,006.”

a. Uncover the docent’s mathematical blunder.

b. What should the museum docent have said?

Try our new 2-liter size.
It contains 50% more
than the 1-liter size.

a. Uncover the mathematical blunder in this ad.

b. Why do you suppose this is such a common error?
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3. Basketball Player: “Now that 'm joining the Mavericks, we're going to turn around the
program 360 degrees.”

a. Uncover the basketball player’s mathematical blunder.

b. What do you think the basketball player meant to say?

4.
Job Opportunities
Mathematics Research Assistant
Thisisa % research and % teaching position.
Uncover the mathematical blunder in this ad.
5. a. This sign was probably created in jest.
SNOWMASS VILLAGE What mathematical “blunder” is being

POPULATION 1,018 illustrated here?

ELEVATION 8,388

ESTABLISHED 1967

TOTAL 11,373

b. Find the sum of these measurements: 49 mm + 8 cm + 20 m.

c. What did you do in order to find the sum?

6. Baseball Player: “With my leg almost healed, I am about three-quarters to 75 percent
ready to play.”

a. Uncover the baseball player’s mathematical blunder.

b. Circle all pairs of numbers below that name the same amount.

% and 50% % and 33%% % and 8% % and 25%
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. What is the probability for no rain on Saturday?
. What is the probability for no rain on Sunday?
. What is the probability for no rain on both days?

chool Board Member A (commenting on local test results): “Within three years, I expect
School Board Member A g on local lts): “Within three y I exp
every child in the district to be above the district median test score.”

School Board Member B: “Well, I guess we're already halfway toward your goal.”

. Uncover the mathematical blunder committed by School Board Member A.

. Was the comment made by School Board Member B accurate? Explain.

Item on a multiple-choice test:

a. The answer given in the answer key for this
Which is the largest number? item was D, 6.17. Uncover the mathematical
A. 6.097 blunder committed by the writer of this
B. 6.0971 test item.
C. 6.096711
D. 6.17
E. Nothere

. How would you rewrite this test item? Include the answer for your test item.

. Weather Forecaster: “There’s a 50% chance for rain on Saturday, and a 50% chance for

rain on Sunday. Well, I guess we're certain to have rain this weekend.”

Hint: P(no rain on both days) = P(no rain on Sat.) x 2(no rain on Sun.)

. What is the probability that there will be rain

on at least one of the two days?
Hint: P(rain on at least one day) = 1 — P(no rain on both days)

. Describe the weather forecaster’s mathematical blunder.

UNCOVERING HUMOROUS MATHEMATICAL BLUNDERS
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Name Date

| KNOW WHAT YOU'RE THINKING:
IT'S NOT MAGIC, IT'S ALGEBRA!

1. Pick an integer from —9 through 9.
2. Subtract 5.

3. Multiply by 3.

4. Square the number.

5. Add the digits in your result until you get only one digit.
For example: 64 > 6+4=10; 10> 1+0=1.

6. Ifyour result in Step 5 is less than 5, add 5. Otherwise, subtract 4.

7. Multiply by 2.

8. Subtract 6.

9. Map the digit to a letter in the alphabet as follows: 1 > A, 2~ B, 3 > C, etc.
10. Pick a name of a country that begins with that letter.

11. Take the second letter in the country name and think of a bird whose name begins
with that letter.

What bird did you choose?

What country did you choose?
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